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Abstract 

We prove local in time Strichartz estimates without loss for the restriction of the solution of 
the Schrodinger equation, outside a large compact set, on a class of asymptotically hyperbolic 
manifolds. 

1 The results 

Let {Ai, G) be a riemannian manifold of dimension n > 2. Denote by Ag- the associated Laplace- 
Beltrami operator and by dG the riemannian volume density. The Strichartz estimates for the 
Schrodinger equation 

i9tw + AGW = 0, Mit=o = uo, (1-1) 

are basically estimates of 

i/p 



\\u\\lv([0.1]M(M4G)) '■= (^J W'^i^^ ■)\\li(M.dG) 



dt 



in terms of certain quantities of uq, when the pair of exponents {p,q) satisfies the so called 
admissibility conditions 

- + - = TT, P>2, (2,oo). (1.2) 

p q 2 

We recall that Strichartz inequalities play an important role in the proof of local existence results 
for non linear Schrodinger equations. We won't consider such applications in this paper and will 
only focus on Strichartz estimates. 

Let us review some classical results. If = M" with the flat metric GeucI, it is well known 
[mini [IT] that 

||m|Up([o,i],L9(R")) ^ ||'"o||l2(R'«)- (1-3) 

In this model case, the time interval [0, 1] can be replaced by R and the Strichartz estimates 
are then said to be global in timc0. Furthermore, the conditions (|1.2p are seen to be natural by 
considering the action of the scaling u{t,x) i-^ u{t/X'^,x/X) on both Schrodinger equation and 
Strichartz estimates. 



^In this paper, however, we will only consider local in time Strichartz estimates, ie with t € [0, 1]. 
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In more general situations, estimates of the form (jl.3p have sometimes to be replaced by 

\W\\LP(lO,l],Li{M,dG)) ^\Wo\\H''{M,dG), S > 0, (1.4) 

where 

\\uo\\h-{MAG) ■= 11(1 - ^Gy^^Uo\\L2(MAG), 

is the natural Sobolev norm. If s > 0, (|1.4p are called Strichartz estimates with loss (of s deriva- 
tives). Notice that, under fairly general assumptions on {A4, G), we have the Sobolev embeddings, 
namely H'{M,dG) C L«(7W, dG) for s > f - 2. They show that (dH) holds automatically if s 
is large enough and the point of Strichartz estimates with loss (and a fortiori without loss) is to 
consider smaller s than those given by Sobolev embeddings. 

Such inequalities have been proved by Bourgain 9J for the flat torus T" , n = 1,2, with any 
s > 0, ie with 'almost no loss' (for certain (p, q)) and by Burq-Gerard-Tzvetkov [TU] for any compact 
manifold with s = I /p. The techniques of |10j are actually very robust and can be applied to prove 
the same results on many non compact manifolds. The estimates of [10\ are known to be sharp, 
by considering for instance = S"^ with p = 2 and certain subsequences of eigenfunctions of the 
Laplacian. This counterexample can then be used to construct quasi-modes and show that (|1.4p 
can not hold in general with s = 0, even for non compact manifolds. 

A natural question is therefore to find (sufficient) conditions leading to estimates with no loss. 

A classical one is the non trapping condition. We recall that {A4,G) is non trapping if all 
geodesies escape to infinity (which forces M to be non compact). It was for instance shown in 
[25, 22, 7, that, for non trapping perturbations of the fiat metric on K", dLll) holds with s = 0. 
By perturbation, we mean that G — GeucI is small near infinity and we refer to these papers 
for more details. In |15j . the more general case of non trapping asymptotically conic manifolds 
was considered. To emphasize the difference with asymptotically hyperbolic manifolds studied in 
this paper, we simply recall that {A4,G) is asymptotically conic if G is close to dr^ + r^g, in 
a neighborhood of infinity diffeomorphic to (i?, +00) x 5, for some fixed metric g on a compact 
manifold S. The asymptotically Euclidean case corresponds to the case where S = S""-'^. 

The non trapping condition has however several drawbacks. First it is a non generic property 
and second there is no simple criterion to check whether a manifold is trapping or not. Furthermore, 
it is not clearly a necessary condition to get Strichartz estimates without loss. 

In [7], we partially got rid off this condition by considering Strichartz estimates localized near 
spatial infinity. For long range perturbations of the Euclidean metricH G on = R", trapping or 
not, we proved the existence oi R > large enough such that, if x G G|J°(K") satisfies x = 1 for 
|a;| < R, then 

11(1 - X)u\\lp{10,1];L''(R"MG)) ^ l|wo||L2(R",dG)- (1-5) 

This shows that the possible loss in Strichartz estimates can only come from a bounded region 
where the metric is essentially arbitrary (recall that being asymptotically Euclidean is only a 
condition at infinity). One can loosely interpret this result as follows: as long as the metric is close 
to a model one, for which one has Strichartz estimates without loss, the solution to the Schrodinger 
equation satisfies Strichartz estimates without loss too. 

The first goal of the present paper is to show that the same result holds in negative curvature, 
more precisely for asymptotically hyperbolic (AH) manifolds. Let us however point out that, even 
if our result (Theorem 11.21 below) is formally the same as in the asymptotically Euclidean case [71 
Theorem 1], its proof involves new arguments using the negative curvature. Slightly more precisely, 

2ie, for some r > 0, - Geuci) = 0{{x)'^^^°'^) 
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one of the messages of this paper is that, by taking advantage of certain curvature effects described 
at the end of this Section, we prove Strichartz estimates using long time (microlocal) parametrices 
of the Schrodinger group which are locaUzed in very narrow regions of the phase space, much 
smaller than those considered in the asymptotically Euclidean situation [7] . 

As far as the Schrodinger equation is concerned, Strichartz estimates on negatively curved 
spaces have been studied by Banica [1, and Pierfelice [IHl HI] (see [3^ for the wave equation). 
In [20], the author considers perturbations of the Schrodinger equation on the hyperbolic space 
H" by singular time dependent radial potentials, with radial initial data (and also radial source 
terms) and derives some weighted Strichartz estimates without loss. The non radial case for the 
free Schrodinger equation on H" is studied in [1] where weighted Strichartz estimates are obtained 
too. The more general case of certain Lie groups, namely Damek-Ricci spaces, was considered in 
PT] for global in time estimates (see also [2] for the 2-dimensional case) and further generalized in 
[3]. In these last papers, only radial data are considered. 

In this article, we give a proof of Strichartz estimates at infinity which is purely (micro)local 
and therefore, to many extents, stable under perturbation. In particular, we do not use any Lie 
group structure nor any spherical symmetry. We won't assume either any non trapping condition. 
We refer to Definition 11.11 below for precise statements and simply quote here that our class of 
manifolds contains H", some of its quotients and perturbations thereof. In particular, we do not 
assume that the curvature is constant, even near infinity. 

Powerful microlocal techniques for AH manifolds have already been developed by Melrose and 
its school (see and the references in ^Ifij). These geometric methods, based on compactifica- 
tion and blowup considerations, are perfectly designed for conformally compact manifolds (with 
boundary) but do not clearly apply to the more general manifolds we shall study here. 

Let us finally mention that Theorem 11.21 reduces the proof of potential improvements of Burq- 
Gerard-Tzvetkov inequalities to local in space estimates of the form 

WX^W LP {[Q,l],Li{M,dG)) ^ ll"o||H=(A1,dG), 

with < s < 1 /p. It would be interesting to know if such inequalities holds for some trapping AH 
manifolds. 

Before stating and discussing precisely our result, let us fix the framework. 

Definition 1.1 (AH manifold). {M'^,G) is asymptotically hyperbolic if there exist a compact set 
K, <s= Ai, a real number Rjc > 0, a compact manifold without boundary S and a function 

r e C°^'(M,M.), r(m) ^ +0O, m^oo, (1.6) 

which is a coordinate near M\IC such that: we have an isometry 

* : (7W \ /C, G) ^ ((i?K, +oo), X S, dr^ + e^^^gir)) , (1.7) 

where g{r) is a family of metrics on S depending smoothly on r such that, for some t > and 
some fixed metric g on S, we have 

\\dH9{r)~9)\\c-iS,T'S^T'S)<r-^-'', r > Rk, (1-8) 
for all k > and all semi-norms \\ ■ ||c°°(S.t*S'i8)T*S') the space of smooth sections ofT*S'E)T*S. 
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With no loss of generality, we can assume that the decay rate r in p.Sp satisfies 

0<T<1. (1.9) 

Therefore, by analogy with the standard terminology in Euclidean scattering, dr^ + e^^ g{r) can 
be considered as a long range perturbation of the metric dr^ + e^^ g. Notice that the conformally 
compact case quoted above corresponds to the special situation where g{r) is of the form g{e~^), 
for some family of metrics igix))o<x-^i depending smoothly on a; G [0, xq) (a;o small enough) up 
to a; = 0. In that case, g{r) is an exponentially small perturbation of g — g{0). The assumption 
(|1.8p is therefore more general. 

We next denote by Aq the Laplace-Beltrami operator associated to this metric. It is classical 
that this operator is essentially self-adjoint on L^{Ai,dG), from C^{Ai), and therefore generates 
a unitary group e'*^'^. 

Our main result is the following. 

Theorem 1.2. There exists x G C^{A4), with x = ^ on a sufficiently large compact set, such 
that, for all pair {p, q) satisfying il.^) . 

11(1 - x)e''^''uo\\LPao,l];LHMAG)) < 1 1^0 1 (^,dG) , G C^iM). (1.10) 

This theorem is the AH analogue of Theorem 1 of [7 in the asymptotically Euclidean case. 

To be more complete, let us point out that the analysis contained in this paper and a classical 
argument due to [5S] (see also [3 Section 5]), using the local smoothing effect [H], would give the 
following global in space estimates. 

Theorem 1.3. // in addition {A4,G) is non trapping, then we have global in space Strichartz 
estimates with no loss: for all pair (p, q) satisfying 

\\e'*^'^ Uo\\Lp([0,l]-Li{M,dG)) ^ \\uo\\mM,dG), UQ ^ C^iM). 

We state this result as a theorem although we won't explicitly prove it. The techniques are 
fairly well known and don't involve any new argument in the present context. We simply note that 
resolvent estimates implying the local smoothing effect can be found in |11| . 

We now describe, quite informally, the key points of the analysis developed in this paper. 
Assuming for simplicity that S* = §^ we consider the model case where the principal symbol of the 
Laplacian is 

2 I -2r 2 

p = p + e rj . 

For convenience, we introduce 

p .= _e("-l)r/2^^g-(«-l)r/2 

which is self-adjoint with respect to drdO, instead of e''"~^^^ drd9 for the Laplacian itself. 

Recall first that, by the Keel-Tao TT* Theorem [17], proving Strichartz estimates (without 
loss) is mainly reduced to prove certain dispersion estimates. Using the natural semi-classical time 
scaling t ht, this basically requires to control the propagator e^'*''^ for semi-classical times of 
order h^^. Such a control on the full propagator is out of reach (basically because of trapped 
trajectories) but, fortunately, studying some of its cutoffs will be sufficient. 
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After fairly classical reductions, wc will work with semi-classical pseudo-differential operators 
localized where r ^ 1 and p G I, I being a (relatively) compact interval of (0, +00). We can split 
the latter region into two areas defined by 

r+ = |r»i, pel, P>-^h r- = |r » 1, pe 1, p< 

respectively called outgoing and incoming areas. In the asymptotically Euclidean case, it turns 
out that one can give accurate approximations of e^**''^x* for times t such that < ±t < h^^, if 
are pseudo-differential cutoffs localized in F*. This is not the AH case: here we are only able 
to approximate e~^*^^^xt ^'^^ cutoffs xt localized in much smaller areas, namely 

r+(e) = |r » 1, p e /, ^>l-e^Y (e) = |r » 1, p e /, < - 1 

which we call strongly outgoing/incoming areas. Here e will be a fixed small real number. We then 
obtain approximations of the form 



e 



-'""^xt = Js±{a^)e~'*''"''Js±ib^T +Oih^), < ±t < h-\ (1.11) 



Here e is the semi-classical group associated to the radial part of P. Js±{a^) and 

Js±{b^) are Fourier integral operators with phase essentially of the form 

4p 

that is the sum of the free phase rp + Orj and of a term whose Hessian is non degenerate in 77, which 
will be crucial for the final stationary phase argument (the small factor e~'^^ will be eliminated by 
a change of variable). The non degeneracy of the full phase of the parametrix (jl.lip in p will come 
of course from e"**''^'-. 

The approximation (jl.lip is the AH Isozaki-Kitada parametrix and it will be used very similarly 
to the usual Euclidean one as in [7j. Its main interest is to give microlocal approximations of 
the propagator for times of size h~^. Recall however the big difference with the asymptotically 
Euclidean case where one is able to consider cutoffs supported in F='= rather than F^ (e) in the AH 
case. We therefore have to consider the left parts, namely 

r,^itcr = r±\F±(6), 

which we call intermediate areas. These areas will only contribute to the dispersion estimates for 
small times using the following argument. By choosing 6 small enough and by splitting the interval 
(—1/2, 1 — e^) into small intervals of size 6, we can write 

r,^tcr = U/<5-i |r » 1, p e /, ±^ e {ai,<Ji + 5)^ = ^i<s-^ritJi,^,S). 

By looking carefully at the Hamiltonian flow <I>* of p, it turns out that, for any fixed (small) time 
to, we can choose 6 (which depends also on e) such that 

KKteril^^^S))nTt,,^il,e,6) = ?), ±t>to. (1.12) 

By semi-classical propagation, this implies that, for pseudo-differential operators Xhitcr localized 
in rt,,,{l,e,S), 



inter 

inter v 

inter 
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Such operators typically appear in the TT* argument and the estimate above reduces the proof 
of dispersion estimates to times \t\ < to. The latter range of times can then be treated by fairly 
standard geometric optics approximation. 

We interpret (|1.12p as a negative curvature effect on the geodesic flow which we can roughly 
describe as follows, say in the outgoing case. For initial conditions {r,6,p,rj) in r^tcrC' '^)' 
bounds 1/2 < p < (1 — e'^)p^^'^ yields the following lower bound, 



over a sufficiently long time, if we set {r* ,0* , ,ri*) := This ensures that p^/p^^"^ increases fast 
enough to leave the interval {ai,cri + S) before t = to and give (|1.12p . In the asymptotically flat 
case, ie with r~^ instead of e~'^^ , we have p^ = 2(r*)~^(T7*)^ and its control from below is not as 
good, basically because of the 'extra' third power of (r*)~^. 

This paper is organized as follows. 

In Section [21 we introduce all the necessary definitions, and some additional results, needed to 
prove Theorem 11.21 The latter proof is given in Subsection 12.51 using microlocal approximations 
which will be proved in Sections O [S] and [71 

In Section [21 we study the properties of the geodesic flow in outgoing/incoming areas required 
to construct the phases involved in the Isozaki-Kitada parametrix. This parametrix is then con- 
structed in Section [3 

In Section[6lwe prove two results: the small semi-classical time approximation of the Schrodinger 
group by the WKB method and the propagation of the microlocal support (Egorov theorem) . These 
results are essentially well known. We need however to check that all the symbols and phases belong 
to the natural classes (for AH geometry) of Definition 12.21 below. Furthermore, we use our Egorov 
theorem to obtain a propagation property in a time scale of size h^^ which is not quite standard. 

Finally, in Section [71 we prove dispersion estimates using basically stationary phase estimates 
in the parametrices obtained in Sections [51 and [SI 

Up to the semi-classical functional calculus, which is taken from O [S] and whose results are 
recalled in subsection 12.31 this paper is essentially self contained. This is not only for the reader's 
convenience, but also due to the fact that the results of Section [SI do require proofs in the AH 
setting, although they are in principle well known. The construction of Section [51 is new. 

2 The strategy of the proof of Theorem 11.21 
2.1 The setup 

Before discussing the proof of Theorem 11.21 we give the form of the Laplacian, volume densities 
and related objects on AH manifolds. 

The isometry ()1.6p defines polar coordinates: r is the radial coordinate and S will be called the 
angular manifold. Coordinates on S will be denoted by 0i, . . . , 6'„_i. 

A finite atlas on \ /C is obtained as follows. By (|1.7p . we have a natural 'projection' tts '■ 
{M \ IC,G) ^ S defined as the second component of 5*, ic 



p' = 2e-'^\v') 




^f(m) = (r(m),7rs(m)) G {Rk:,+oo) x S, 



meM\IC. 



(2.1) 



Choosing a finite cover of the angular manifold by coordinate patches Ui, ie 



S - U,eiU, 



(2.2) 
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with corresponding diffeomorphisms 

A-U,^ MUc) C M"-\ (2.3) 

we consider the open sets 

:= {{Rk, +oo) xU,)cM\IC, 

and then define diffeomorphisms 

^-^ ^ (i?K,+oo) X V.(f/.) CM", (2.4) 

by 

The collection {U^, ^Jtei is then an atlas on A4\IC. If 6'i, . . . , 6'„_i are the coordinates in 1/^, ie 
■01 = (^1: ■ ■ • J ^n-i)j the coordinates in U,, are then (r, 9i, . . . , 6„-i). 

We now give formulas for the riemannian measure dG and the Laplacian Aq on \ /C. In 
local coordinates = {9i, . . . , On^i) on 5, the riemannian density associated to g{r) reads 

dg{r) det (^(r, 0))^/' A • • • A 

where det(g(r, 6*)) = det((7jfc(r, 6*)) if g{r) — gjk{r,d)d0jd6k (using the summation convention). 
Then, in local coordinates on M\IC, the riemannian density is 

dG = e("-i)''det {g{r, 9))^'^ \dr A d9i A ■ ■ ■ A d9n-i\. (2.5) 

Let us now consider the Laplacian. Slightly abusing the notation, we set 

, , 1 9rdet(g(r, s)) „ ^ ,^ „s 

2 det(g(r,s)) 

This means, for fixed r, that the quotient of (9rdet((7jfe(r, 0)) by 2det(.gjfe(r, 6*)) defines a function 
on S (ie is independent of the coordinates). We then have 

Ag 9^ + e~2''Ag(r) + c(r, s)dr + {n - l)dr. 



It will turn out be convenient to work with the following density 

dG = e(i-")'-dG, (2.7) 

rather than dG itself. In particular, we will use the following elementary property: for all relatively 
compact subset V/ d ^t(C/t), all R > Rfc and all 1 < q < oo, we have the equivalence of norms 

ll"llL.(7M,dG) ~ ll"°*r'lli'(R")> supp(u) C (i?,+oo) X 1^;, (2.8) 

L^(]R") being the usual Lebesgue space. This is a simple consequence of (|1.8p and (|2.5p (we consider 
R > Ric since (jl.Sp gives an upper bound for det {g{r, 9)) as r ^ Ric , not a lower bound). 
We then have a unitary isomorphism 

L^{M,dG)3u^ e-^-^ueL'^{M,dG), (2.9) 
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and A(3 is unitarily equivalent to the operator 

- ?? — 1 

Ag := e^"'■AGe-^"^ 7n - (2.10) 

on [AA , dG) . This operator reads 

Ag = dl + e-^'-Agf.) + c(r, 0)9, - 7„c(r, 0) - 7^, (2.11) 
and we will work the following one 

P = -^G-ll (2.12) 
If qi{r, ., .) is the principal symbol of — Agj,) in the chart t/,,, namely 

g,(r,0,e)= 9''\r,e)^k(,u (2.13) 

l<fcj<n-l 

the principal symbol of P in the chart is then 

P. = p' + e''^q,{r,0,rj), (2.14) 

The full symbol of P is of the form + Pt.i + Pt,o with 

P.,j = E J = 0,1. (2.15) 

The terms of degree 1 in come from the first order terms of the symbol of — Ag(,). In the 
expression of Aq they carry a factor e"^'' and therefore, if j = 1, fc = and |/3| — 1 above, we 
could write at^fc^(r, 0) = e~''6t^fc^(r, 0) for some function b^^kp bounded as r — > 00. This remark 
and (|1.8|) show more precisely that, for all V d iPl{Ui.), the coefficients in p.isp decay as 

\d^,d^a,Mr,e)\ < CvUr)-^-^-\ 6 (^V, r > R^, + I. (2.16) 

The decay rate — r — 1 — j will be important to solve transport equations for the Isozaki-Kitada 
paramctrix. This is the main reason of the long range assumption (jl.Sp . 

2.2 Pseudo-differential operators and the spaces i3hyp(^^) 

We will consider /i-pseudo-differential operators (/i-^Dos) in a neighborhood of infinity and the 
'calculus' will be rather elementary. For instance, we will only consider compositions of operators 
with symbols supported in the same coordinate patch and no invariance result under diffeomor- 
phism will be necessary. 

The first step is to construct a suitable partition of unity near infinity. Using the cover (j2.2p 
and the related diffeomorphisms (j2.3p , we consider a partition of unity on S of the form 

° = 1, with e Co°°(M"-i), supp(kJ d Va(C/J, (2.17) 

LET 

and a function k E (M) such that 

supp(k) C [i?i<; + l,+oo), K=l on + 2, +00). (2.18) 
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Then, the functions (k (g) o vI/^ e C°°{M) satisfy 



v^. X , . 1 if r(m) > Rk: + 2, 



if r{m) <Rk. + 1, 



which means that they define a partition of unity near infinity. We could obtain a partition of 
unity on M by adding a finite number of compactly supported functions (in coordinate patches) 
be we won't need it since the whole analysis in this paper will be localized near infinity. 

We also consider k S C°°(E) and G C(j"(E"^^), for all t G X, with the following properties 

K = l on {Ric + l/2,+oo), = 1 near supp(kJ, (2.20) 

supp(k) C {Rk + 1/4, +(»), supp(kJ g MU,)- (2.21) 

We next choose, for each i € X, two relatively compact open subsets VI and V/ such that 

supp(kJ <e Vt <£ V' (E supp(Kt) and = 1 near . (2.22) 

We are now ready to define our ^fDOs. In the following definition, we will say that a G C°°(M^") 

IOC 

b 



is a symbol if either a G C^(R^"), ie bounded with all derivatives bounded, or 



with aki3 G C^(IR"), the sum being finite. We shall give examples below. Notice that throughout 
this paper, p and 77 will denote respectively the dual variables to r and 9. 

Definition 2.1. For l E T, all h E (0, 1] and all symbol a such that 

supp(a) C [Rk: + 1, +00) x V' x M", (2.23) 

we define 
by 

{(^M)u) o ^-\r, e) = a(r, 6, HDr, hDe) {K{r)Ti,ie){u o ^^^)ir, 6)) . (2.24) 

Note the cutoff k^H^ in the right hand side of (|2.24|) . It makes the Schwartz kernel of Op^{a) 
supported in a closed subset of M.^ strictly contained in the patch U'^ so that Op^^{a) is fully defined 
by the prescription of 'I'i*Q3^(a)^'*. For future reference, we recall that the kernel of the latter 
operator is 

(27r/i)-" / / eT^'^''-'''^P"^^^^~'''>'^a{r,e,p,ri)dpdr)x{r')Xc{e'). (2.25) 



The notation Qj^ refers to the following relation with the measure dG: if a G C^(K^") satisfies 
(12231), then 

This is a direct consequence of the Calderon-Vaillancourt theorem using ()2.8p with q — 2, (|2.2ip 
and (|2.22p . In the 'gauge' defined by dG, the latter gives 

\\e-^-'-^Aa)e''-^\\LHMMG)->L^iMMG) < 1, he (0, 1]. (2.27) 
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Working with the measure dG is therefore more transparent and avoid to deal with exponential 
weights. 

Let us now describe the typical symbols we shall use in this paper. Using (|2.17p . (|2.18p . (|2.19p 
and (|2.22|) . we can write 

;i2p = ^C^J(K(g,Kj X (p,, + /ip,,i + /iV.o)), r>i?K + 2, (2.28) 

using (|2.13p . p.l4p and p.lSp . One observes that the symbols involved in p.28p are of the form 

a,{r,e,p,ij)^d,{r,e,p,e-'-7j), (2.29) 

with Ot € 5^(11^" X M"). It will turn out that the functional calculus of h'^P (or h'^Ac) will involve 
more generally symbols of this form with € S'~°°(R" x M"). For instance, if / € C^(K), the 
semi-classical principal symbol of f{h?P) or /{—H'^Ag) will be 

f{p'+q,{r,e,e-^rj)), (2.30) 

which, once multiplied by the cutoff K(g) k^, is of the form ((T^ with a, e 5"°°(R" x M"). This 
type of symbols is the model of functions described in Definition 12 . 21 below. To state this definition, 
we introduce the notation 

for aU j,keN and a,(3e N"-^. 

Definition 2.2. Given an open set fl C T*W]^ = (0, +00)^ x Rg^^ x Rp x Mg"\ we define 
Shyp(f^) = {ae C°^{n) I Dl^!;^a e L°-{n), for allj,ke N, a,/3 £ N"-i}, 

and 

Si,yp{n) ^{ae C°°(R2") I supp(a) d n and a e Bi,yp{n)}. 

A family {au)v<^\ is bounded in Bhyp{Vl) if, for all j,k,a, f3, {Df^p^ o.^)i^£a is bounded in i°°(r2). 

Note that considering fl C T*R" is not necessary but, since we shall work only in the region 
where r ^ 1, this will be sufficient. 

Example 2.3. Gonsider the following diffeomorphism from R^" onto itself 

Fi,yp:ir,e,p,ri)^ir,9,p,e--ri). (2.31) 
If a, e S"'(R" X M") is supported m -Fhyp(f^), with n C r*R!;:, then KM) belongs to Si,yp{VL). 
Proof. We only need to check that (|2.29p belongs to Bhyp{Vl). We have 

dr {dt,{r,e,p,e~''r])) = {drai.){r,e, p,e~''r]) + e^'-q ■ {d^ai,)(r,9, p,^)i^=e--r,, 
which is bounded since ^ • d^ai is bounded. Similarly 

e''djj{d,{r,e,p,e^'''q)) = (a^a,)(r, 6*, p, 0|^=e--,,, 

is bounded too. Derivatives with respect to p, 9 are harmless and higher order derivatives in r, 77 
are treated similarly. □ 

In the following lemma, we give a characterization of functions in Shyp(f2). 
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Lemma 2.4. Let f2 C T*M" be an open subset and assume that 

Fhyp{n) C M+ X S, with B bounded. (2.32) 
Then, a Junction a G C°°(il) is of the form 

a{r,0,p,r,)^h{r,e,p,e-''ri) with 5 S C,°° (Fhyp(r!)) , (2.33) 
if and only if, for all j, k, a, [3, 

Di^^^a e L-^{n). (2.34) 

Here C^{Q) (resp. Cf^ {F\^yp{fl)) ) is the space of smooth functions bounded with all derivatives 
bounded on fl (resp. Ftyp{n)). 

Proof That (^35)) implies ((TM)) is proved in the same way as Example 12.31 the boundedness 
of ^ • 9ja follows from the boundedness of ^ = e~''r/ in i^hyp(il) by (|2.32p and the fact that 
d S (Fhyp(il)). Conversely, one checks by induction that 

a{r,e,p,£,) := a{r,e, p,e'£,), 

belongs to {F\^yp{^)), using again the boundedness of ^ on i^hyp(^^)- D 

Example 2.5. For all f e C^(K"), all R> R/c and all V (s ^^{U,), \2.30\) satisfies the conditions 
of this lemma with Vt = (i?, +oo) x x M". 

Proof. By (II. 8p . there exists C > 1 such that 

c-'\£.? <q.{r,o,0<C\^\\ r>R, oev, CeW'-\ (2.35) 

and, using the notation (|2.13p . 

Id^.d^g'^'ir, 9)\<Cjk, r>R, V. (2.36) 

Therefore, (|2.35p and the compact support of / ensure that e^^rj and p are bounded, ie that (|2.32p 
holds on the support of (11301) • Then, (gSni) implies that /(p^ + q,(r, 6*, ^)) belongs to C^°°(Fhyp(fJ)) 
(notice that here -Fhyp(f^) = (R, +oo) xV x R"). □ 

We conclude this subsection with the following useful remarks, li a,b £ Shyp{ft) for some ft 
(such a, b satisfy (|2.23p ). we have the composition rule 

Q>,{a)dp,{b) = dpMa#b){h)), (2.37) 

if {a4fb){h) denotes the full symbol of a{r, 9, hDr, hDe)b{r, 6, hDr, hDg). In particular all the terms 
of the expansion of {a4t^b){h) belong to 5hyp(ri) and are supported in supp(a) n supp(6). Similarly, 
for all iV > 0, we have 

OpXa)* - Q>,{al + ■■■ + h^a*N) + h^^^RN{a, h) (2.38) 

with al,...,a*j^ € 5hyp(f2) supported in supp(a) and [[-^^(a, ^)|li2(_;vi dG)^L2(_;vi dS) ^ 1 for /i G 
(0,1]. 
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2.3 The functional calculus 

In Proposition 12.71 below, we give two pseudo-difFerential approximations of f{h^P) near infinity 
of Ai, when / e C^(R). The first approximation, namely (|2.43p . is given in terms of the 'quanti- 
zation' Opi^ defined in the previous subsection. This is the one we shall mostly use in this paper. 
However, at some crucial points, we shall need another approximation, (|2.44p . which uses properly 
supported vI^DO. 

To define such properly supported operators, we need a function 

C e Co"(M"), C = 1 near 0, supp(C) small enough, 

which will basically be used as a cutoff near the diagonal. The smallness of the support will be 
fixed in the following definition. 

Definition 2.6. For t G X, all h Cz (0, 1] and all symbol a satisfying i2.23]) . we define 

as the unique operator with kernel supported inUf and such that the kernel o/ 5'*Q3^(a)^t* is 

(27r/i)-" J j e^(''-''')''+t(«-e') ')a(r, 9, p, r])dpdr]C{r -r',e~6'). (2.39) 

The interest of choosing the support of C small enough is that, using (I2.23p . we can assume 
that, on the support of (|2.39p . r' belongs to a neighborhood of [Ric + 1, +oo) and 6' belongs to a 
neighborhood of V[. For instance, we may assume that r' £ k^^(1) and 0' g k~^{1) so that we can 
put a factor K(r')KA9') for free to the right hand side of ()2.39p . The latter implies, using (|2.8p . 
(|2.25p , (|2.39p , the standard off diagonal fast decay of kernels of ^'DO and the Calderon-Vaillancourt 
theorem that, for aU a € Ct°°(R2") satisfying (|2^ and aU TV e N, we have 

\\^,{a) - Q'^pr(a)lli2(^,,G)^i.(^,,G) <h^, he (0, 1]. (2.40) 

This shows that, up to remainders of size Q)^(a) and Q)t.pi(a) coincide as bounded operators 
on L^{A4,dG). Under the same assumptions on a, we also have 

\\Op,.p,{a)\\L2(M.dG)^L^(M,dG) <l, he [0,1], (2.41) 

which is a first difference with Q^^a) for which we have only (|2.27p in general. The estimate 
(|2.4ip is equivalent to the uniform boundednessH of e'^"^Q)i,pr{a)e^'^ on L^{M, dG). The latter is 
obtained similarly to (|2.26p . using the Calderon-Vaillancourt theorem, for we only have to consider 
the kernel obtained by multiplying (|2.39p by e'*'"*^''"'' ' which is bounded (as well as its derivatives) 
on the support ol Cir ~ r' ,9 ~ 9'). 

In other words, (|2.4ip can be interpreted as a boundedness result between (exponentially) 
weighted spaces. Similar properties holds for spaces (under suitable assumptions on the 
symbol a) and they are the main reason for considering properly supported operators. In particular, 
they lead to following proposition where we collect the estimates we shall need in this paper. We 
refer to [S] for the proof. 

3for h g (0, 1] 
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Proposition 2.7. Let f G C^(]R) and I d (0,oo) be an open interval containing supp(/). Let 

Xk. e and R> Rfz + l be such that 

= 1 */ r{m) < i?+ 1. 
Then, for all N > and all t G I, we can find symbols 

a.,o(/), . . . , a.,A'(/) G 5hyp ((i?, (X3) X X R" n , (2.42) 
(where is the principal symbol of P in the chart lA^) such that, if we set 
ai^'^f, h) ^ a,,o(/) + /ia.,i(/) + • • • + a,^N{f), 

we have 

[l-XK.)f{h^P) = ^^,(aW(/,M) + /i^+'i?A'(/,/i), (2.43) 

= ^Q5,,p,(aW(/,/»)) + /i'^+'i?iv,pr(/,/»), (2.44) 

where, for each q G [2, oo], 

\\e-'-'RN,AfM\^.(MrG)^L^iM4G) ^ h-<i-^), heiOAl (2.45) 

and 

\\RN{f,h)\\^.(^^SG)^^.(M^SG) ^ 1' h€{0,l]. (2.46) 
In addition, for all l X and all q G [2, oo], we have 

||e-^"'-C^.,pr(aW(/,M)IL.(^.,'g)-.L.(A.,.G) ^ h-<'^-^), he{0,l], (2.47) 

and, for all q G [1, oo] and all 7 G K, 

||e-^'^Q,,,pr(aW(/,/i))e^nL,(A,,5g)^i,(^3) < 1, h e {0,1]. (2.48) 

To make (|2.42l) more explicit, let us quote for instance that 

a,„o(/)(r, 9, p, 77) = K{r)K,{e)f{p^ + q,,(r, 6, e-^r,)) x (1 - XK){^:\r, 9)). 

More generally, (|2.42p and Lemma f2.4l show that ai,o(/), . • . ,ai,Ar(/) are of the form (|2.29p with 
di{r,9, p,^) compactly supported with respect to ip,£,)- 

The estimate ()2.48p basically means that OpL,pi{a[^\f, h)) preserves all spaces with any 
exponential weights. In particular, since Li{M,dG) = e-^"''/'?i«(7W,dG), replacing dG by dC 
in ()2.48p would give a completely equivalent statement. This estimate is the main reason for 
introducing properly supported operators. Of course, (|2.48p holds for other symbols than those 
involved in the functional calculus of P. We have more generally (see "F*) for all 7 G M, 

||e-^'-Q.,p.(aJe^ni^,(_^,^)^^,(_^,^) < 1, /^g(0,1], (2.49) 

for any 5 G [1, 00] and any 

a, G 5hyp {{Rk + 1, +c») X V; X R" n p-\l')) , 
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provided /' is bounded. 

By the unitary equivalence of P and —Aq — 7^, we would get a very similar pseudo-differential 
expansion for f {—h^ Aq) . Note that, here, we have only described (1 — XK.)f{h^P) since this will 
be sufficient for our present purpose, but of course there is a completely analogous result for the 
compactly supported part Xicf{h^P) (see [5]). Such an approximation of /(— /i^Aq) was used in 
[Sj to prove the next two propositions. 

Proposition 2.8. Consider a dyadic partition of unit 

l = /o(A) + ^/(2-'=A), 

fc>0 

for X in a neighborhood of [0, +00), with 

foeC^im, /GCo°° ([1/4,4]). (2.50) 
Then, for all x £ C(^{A4), for all q £ [2, 00), we have 

11(1 " X)u\\L^(M,dG) ^ E 11(1 " X)/(-/i'AG)u||2,(^_^g^ + M\L2iM,dGy 

\k>a J 

This proposition leads to the following classical reduction. 

Proposition 2.9. Let x G C'^(A^) and {p, q) he an admissible pair. Then il.lO\) holds true if and 
only if there exists C such that 

11(1 - x)e"^'^/(-/l'AG)lio||LP([0,l];L.(A^,dG)) < C\\uo\\L^M,dG), (2-51) 

for all h £ (0, 1] and uq G C^{M). 

This result is essentially well known and proved in [6] for a class of non compact manifolds. 
We simply recall here that the L"? boundedness of the spectral cutoffs f{—h'^Aa) is not 

necessary to prove this result, although the latter slightly simplifies the proof when it is available. 

2.4 Outgoing and incoming areas 

Propositions 1 2 . 71 and 1 2 . 91 lead to a microlocalization of Theorem II. 21 as we shall see more precisely 
in subsection 12.51 they allow to reduce the proof of (jl.lOp to the same estimate in which (1 — x) is 
replaced by /i-\l/DOs. This microlocalization, ie the support of the symbols in ()2.42p . is however 
still too rough to simplify the proof of Theorem 11.21 in a significant way. The purpose of this 
subsection is to describe convenient regions which will refine this localization. 

Defimtion 2.10. Fix l el. Let R > R/c + I, V V' he an open subset (see WJ^) . L d (0, +oo) 
be an open interval and a G (—1, 1). We define 

r±(i?,F,/,a) = {(r,0,p,r;)GM2" \ r > R, 9 e V, p, & I , ±p>-ap\'^}, 

where p^ is the principal symbol of P in the chart U,, given by {2.14^ . The open set r+(_R, V, /, a) 
(resp. T'^{R,V,I,a)) is called an outgoing (resp. incoming) area. 
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We note in passing that, except from the localization in 6, these areas are defined using only the 
variable r, its dual p and the principal symbol of P. In particular, up to the choice of the coordinate 

1/2 

r, the conditions r > R, G I and ±p > —api, define invariant subsets of T*M. However the 
whole analysis in this paper will be localized in charts and we will not use this invariance property. 

Let us record some useful properties of outgoing/incoming areas. First, they decrease with 
respect to V,I,a and R~^: 

i?l>i?2, V1CF2, /1C/2, CTi<a2 => r±(i?i,yi,/i,(Ti) Cr±(i?2,y2,/2,fT2). (2.52) 

Second, we have 

T+{R,V,I,l/2)ur-{R,V,I,l/2) = iR,+oo) xV x WT\p-\l). (2.53) 

Here we have chosen cr — 1/2 but any a E (0, 1) would work as well. 
We will use the following elementary property. 

Proposition 2.11. Any symbol a E S^yp {{R, +00) x y x R" np'i^^{I)) can be written 

a = a++a", with G S^yp {Tf{R, V, 1,1/2)) . 

Proof. See part ii) of Proposition [T^l D 

This splitting into outgoing/incoming areas was sufficient to use the Isozaki-Kitada parametrix 
in the asymptotically Euclidean case; in the AH case, we will only be able to construct this 
parametrix in much smaller areas, called strongly outgoing/incoming areas, which we now intro- 
duce. 

We first describe briefly the meaning of such areas, say in the outgoing case. Basically, being 
in an outgoing area means that p is not too close to —p^^"^; the aim of strongly outgoing areas is to 
guarantee that p is very close to p^^'^, which is of course a much stronger restriction. This amounts 
essentially to chose a close to —1 in the definition of outgoing areas. We will measure this closeness 
in term of a small parameter e. It will actually be convenient to have the other parameters, namely 
R, V, /, depending also on e, so we introduce 

i?(e) = l/e, "K,, = {0eR"-Mdist(0,X^,)<e2}, /(e) = (I/4 - e, 4 + e), (2.54) 

where we recall that is defined in (|2.22p . 
Definition 2.12. For all e > small enough, we set 

r±(6) :=r±(i?(e),F,,„/(e),e2_i). 

The open set r+g(e) (resp. r^g(e)j is called a strongly outgoing (resp. incoming) area. 

The main interest of such areas is to ensure that e"''!??! is small if e is small. Indeed, if 
q e [0, +00) and — 1 < cr < 0, we have the equivalence 

±p> -a{p^ +q)^'^ 4=» ±p>0 and q < cj-^ {\ - a^) p^ . (2.55) 

Therefore, there exists C such that, for all e small enough and {r,d,p,ri) G r^g(e), 

q,{r,e,e--r,)<Ce', 



15 



which, by (|2.35p . is equivalent to 

Note also that, by (|2.52p . strongly outgoing/incoming areas decrease with e. 



(2.56) 



We now quote a result which motivates, at least partially, the introduction of strongly outgo- 
ing/incoming areas. 

Denote by $* the Hamiltonian flow of p^. This is of course the geodesic flow written in the 
chart -^.{U,) x M" of T*M. 

Proposition 2.13. Let a G (—1, !)• Then, for all e > small enough, there exists > such 
that, 

$*(r±(i?(e),K,/(e),^)) cr±(e), ±t>T,. 
Proof. Follows from CoroUarv 13.101 and Proposition [121 Q 

Note that, since is only defined in the chart ^,,(Z^t) x R", its flow is not complete. We shall 
however see in Section [3] that, for any initial data {r,9,p,rf) e r,^(i?(e), VI, /, cr), (^l{r,9, p,rf) is 
wefl defined for all ±t > 0, ie $*(r, 0, p, rj) e x M" for all ±t > 0. 

Proposition 12.131 essentiallv states that the forward (resp. backward fiow) sends outgoing (resp. 
incoming) areas into strongly outgoing (resp. incoming) areas in finite positive (resp. negative) 
time. 



The last type of regions we need to consider are the intermediate areas. They should have 
two properties: firstly they should essentially cover the complement of strongly outgoing/incoming 
areas in outgoing/incoming areas and, secondly, be small enough. 

To define them we need the following. For all e > and all 6 > 0, we can find L + 1 real 
numbers, ag, . . . ,<7l, 

(|)'-l = cTo<(72<...<aL = l/2, (2.57) 

such that 

((e/2)2 - 1,1/2) = ufj-/(a,_i,fTj+i), (2.58) 

and 

Wi+i - (Ji-il < S. (2.59) 
Note that the intervals overlap in (j2.58p . since (cr/_i, cr;_|_i) always contains ai. 
Definition 2.14. The intermediate outgoing/incoming area associated to the cover i2.58\) are 

forl<l<L-l. 
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Notice that, by definition, 

r±.„,,,(e,<5;0 C r±(i?(e),l/„/(e),l/2). (2.60) 

In the notation, we only specify the parameters which are relevant for our analysis, namely 
e, (5, but, of course, intermediate areas depend on the choice of ai, . . . , cr^. Here S measures the 
smallness and Proposition 12.161 below will explain how to choose this parameter. 

We first give the following result. 

Proposition 2.15. Fix e > small enough, S > and ao, .. .,aL satisfying 1^2. 57\ ), 12. 5^) and 
h2.59\) . Then, any symbol 

a± e5hyp(r±(i?(e),K,/(e),l/2)) 

can he written 

" — "^s + ^1, inter + ' ' ' + inter' 

with 

at e 5hyp(r;;^,(e)), af-^^^^ e '5hyp(r±„t^j.(e, 5; I)). 
Proof. Follows from Proposition [TH □ 

We conclude this subsection with the following proposition which will be crucial for the proof 
of Theorem 11.21 and motivates the introduction of intermediate areas. 

Proposition 2.16. Fix t > 0. Then, for all e > small enough, we can find S > small 
enough such that, for any choice of aQ, . . . , aL satisfying \2.5T^ , h2. 58]) and i2.59\} . we have, for 
alll<l< L-l, 

(r^inter(^,'5;O)nr±„,„,(e,<5;/) = 0, 

provided that 

±t>t. 

Proof. Follows from CoroUarv 13.101 and Proposition HTTUl 

2.5 The main steps of the proof of Theorem 11.21 

We already know from Proposition 12.91 that we only have to find x C'o°(-^) such that (I2.5ip 
holds, which is equivalent to 

l|e-'"'-(l - x)/(/i'P)e-'*^"o||Lp([oa];L.(>f,dG)) < C\\u^\\mM,rGV (^.61) 

using the unitary map and ((TTT|l . ((TT^ . 

Before choosing x^ introduce the following operators. Choose a cutoff / G C|^((0, +oo)) 
such that // = /. 
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Lemma 2.17. For all x G we can write 

(1 - x)hh'P) = (1 - x)Ap,(/i) + R{h) 
with R{h) satisfying, for all q G [2, oo], 

\\^~''''mh.^M.SG)^LHM,dG) ^ 1' (2-62) 
and Apr{h) such that, for all q £ [2, oo], 

We-^-'Ap^l.^^j^^SG^^.^^MMG) ^ hMk~^), (2.63) 

\\e-'<--Ap,{h)e-'"-\\L^^M,dG)^L-iM,dG) < 1, (2.64) 

IIV(/^)*e--"nL.(^^5S)^^.(^,5S) < (2.65) 

||e'^"Mp,(/.)*e---||^,(^5^)_^^,(^5^) < 1. (2.66) 

Proof. It is an immediate consequence of Proposition [TTl Using (|2.44p . with N such that + 1 > 
n/2, we define Ap^{h) as the sum of the properly supported pseudo-differential operators. We thus 
have (|2.62p . (|2.63p and (|2.64p . The estimates (|2.65p and (|2.66p are obtained by taking the adjoints 
(with g = oo in (|2.63p ) with respect to dG. □ 

Basically, the operators e~'^'^^ Apr{h) and Apr(/i)*e~^"'' will be used as 'ghost cutoffs' to deal 
with remainder terms of parametrices which will be 0{h^) in C{L^{Ai,dG)), using the Sobolev 
embeddings (|2.63p and (|2.65p . They will be 'transparent' for the principal terms of the parametrices 
by (j2.64p and ()2.66p . which use crucially that they are properly supported. 

For e to be fixed below, we choose x G C^{A4) such that 

X = 1 for r{m) < 3e^^. 
Proposition 2.18. To prove \2. 61]) . it is sufficient to show that, for some e small enough and all 

a, e 5hyp (-R(e) x x R" n P7\l{e))) , (2.67) 
where we recall that R{e) = e^^ and I{e) ~ (1/4— e, 4 + e), we have 

||e-'^"''ylpi.(/i)Q5,(a,,)e~**-f'wo||Lp([o,i];L<!(A^,'iG)) < '^\\M\L^M,dGy (2-68) 

Proof. Choose xo G C^{M) such that 

Xo = 1 for r{m) < e^^, xo = for r{m) > 2e^^. 

We then have (1 — xo) = 1 near supp(l — x) so, by the proper support of the kernel of Apr{h), we 
also have 

(1 - x)Aprih) = (1 - x)Apr{h)il - xo), 
at least for e small enough. The latter and ()2.62p reduces the proof of (|2.6ip to the study of 

e-'"^Ap,.{h){l^Xo)f{h^P)e-"'''. 

By splitting (1 - Xo)f{h'^P) using with + 1 > n/2, we obtain the result using f^IM^ and 
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We now introduce a second small parameter 5 > 0. By Propositions l2 . 1 ll and 12 . 1 51 for all 6 > 0, 
any satisfying (|2.67p can be written 

L-l 

'^.=4+ a; + J2 «Mntcr + «M„ter> (2-69) 

1 = 1 

with 

4 e 5hyp(r± (e)), a±„,„. G 5hyp(r±„^,,(e, 5; 0). (2.70) 

Proposition 2.19. To prove \2.68\) . it is sufficient to show that, for some e and S small enough, 
we have: 

||e-^"'-Ap,(M$.(a3±)e-^*''^$,(a±)*Apr(/i)*e-^"nLi(,'g)^L=^(.G)<^^l'^r"/', (2.71) 

and 

\\e-^"'^A^,ih)Q>,{af:,^,Je-^'^^dp,{af:^^^^^^ < (2.72) 

for 

he {0,1] 0<±t<2h-'^. (2.73) 

Recall that the important point in this lemma is p.73p . ie that we can take t > for outgoing 
localizations, and t < for incoming ones. 

□ 

Proof. Let us define 

T±(t,/i,e) = e-^"Mp,.(/j)^,(a,±)e-'*^, 

and 

Tunterit^h,e,S) = e'^-Mp,. (/i)^, (az,intcr )e-**^ . 
By l!^nE\i and fTHSll (with g = 2), we have, 

\K^{t,h,e)\\^,^;^^^^,^^^^ + \\T^%,Jt,h,e,S)\\^,^^^^^ he [0,1], teR, 

hence by the Keel-Tao Theorem [17], (|2.68p would follow from the estimates 

m^{t,h,e)T,^{s,h,er\\L.^^G)^L-idG) < C,\t- sr"/\ (2.74) 

and 

\\Ti%tJt,h,e)T^%^,^^{s,h,er\\L^dG)^L^(dG) < Ce,^ |i - (2.75) 

for h e (0, 1] and t,se [0, 1]. Using the time rescaling i ht, the fact that L^{dG) = e^^'^"'' (dG) 
and that the adjoint of (|2.9p is given by e^"*", (|2.74p and (|2.75p are respectively equivalent to (|2.7ip 
and for h e (0, 1] and \t\ < 2h~^. The reduction ([^75)1 to ±t > is obtained similarly to 

[71 Lemma 4.3]. We only recall here that it is based on the simple observation that the operators 
T(t)T{s)* considered above are of the form _Be~*^*~*-'^i3* so that L°° bounds on their Schwartz 
kernel for ±(t — s) > give automatically bounds for ±(i — s) < by taking the adjoints. □ 

As we shall see, there basically be two reasons for choosing e small enough. The next result is 
the first condition. 
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Proposition 2.20. For all e > small enough and all E S^yp (r^j,(e)), we can write 



with 



e-^-^Ef^{t,h)e-^-^\U^.^^,^^^ < \ht\--/\ (2.76) 



I 

for 



RlKit^f^)\\L^(dG)^LydG) - 1' (2.77) 



/ie(o,i], o<±t<2h-^. 

Proof. By (I2.38p . the result follows from Theorem 15.11 and Section [71 □ 

Proposition l2.20l is mainly an application of the Isozaki-Kitada parametrix. It has the following 
consequence. 

Proposition 2.21. For all e > small enough, I2.71\l holds for all h,t satisfying 12.73\) . 

Proof. We first replace Op^{af) by Q)^pr(a^) to the left of e^'*'*^ in (|2.7ip . The remainder term, 

which is 0{h°°) in C{L^{dG)) by ({2:40)) . produces a term of size 0{h°^) in £{L^ (dG) , L°° (dG)) 
using (|2.63p (with q = oo) and (|2.65p . We then use Proposition 12.201 the remainder term satisfies 

||e-^"Mp,(/.)C^,^pr(a3±)e-^*'^^/i"i?± (^:/^)^pr(/i)*e-^"ni^,(5g)^^^(,G) ^ 1 ^ M^'^'' 
and the main term E^{t,h) gives the expected contribution using p.64p . p.66p and (|2.49l) for 

The second condition on e will come from Proposition 1 2 . 1 b1 The latter proposition depends on 
some fixed small time which will be given by the following result. 

Proposition 2.22. There exists twKB > such that, for all e > small enough and all symbol 
e iShyp (ri^(_R(e), Vi, /, 1/2)), we can write 

e'^"^PQ,,ia^r = E^^^{t, h) + h^R%^^{t, h), 

with 

l|e~^"'-i?4KB(i>/*)e-""nii.(Jg)-.L~(.G) ^ (2.78) 

I|-^WKb(*' ''')llL2(^)^_f^2(^) ^ 1, 

for 

he {0,1], 0<±t<%KB- (2.79) 

Proof. See Sections El and [71 

The first consequence of this proposition are the following small times dispersion estimates. 



Proposition 2.23. For all e > 0, all 6 > and all a^^^^g^ satisfying {2. 70\ l, the estimate ([^ 
holds for all h,t satisfying \2.79^ . 
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Proof. It is completely similar to the proof of Proposition 12.211 □ 

We can now give the second condition on e, also giving the choice of S. 

Proposition 2.24. // e is small enough, we can choose 6 > small enough such that, for all 
l<l < L-1, all 

^!%tcr G '5hyp(r±„j^^(e,<5;/)), 

and all N > 0, we have 
for 

he (0,1], twKB<±t<2h'\ 

Proof. See Section [H] 

This is, at least intuitively, a consequence of Proposition [HUB] with t — iwKB and of the Egorov 
Theorem which states that Opiibf^^^^^)* lives semi-classically in the region $* (supp(6;'''jjj^gj.)^ . 

We summarize the above reasoning as follows. 

Proof of Theorem 11.21 Using Proposition 12. 21) we choose first eo > small enough so that, for 
all e € (0, eo], P-7ip holds for < ±t < 2h~^. By possibly decreasing eo, we then choose twKB 
according to Proposition l2 . 221 uniformly with respect to e S (0, eo]. Next, according to Proposition 
I2.24[ we fix e S (0, eo] and S > small enough such that 1^50)) holds for twKB < ±t < 2h-^. Using 
and Proposition with N = n and bf;.^^^^ = a^inta- defined by ^Mi, we have 

for twKB ^ a < 2h~^. On the other hand, (|2.72p holds for < ±i < twKB, using Proposition 
Therefore (fT7^ holds for < ±t < 2h-'^. By Proposition \TT^ this proves (fTBS]) for aU 
a I, satisfying ()2.67p . By Proposition 12.181 this imphes ()2.6ip which, by Proposition 12.91 imphes 
Theorem O □ 

3 Estimates on the geodesic flow near inflnity 

In this section, we describe some properties of the Hamiltonian flow of functions of the form 

P{r, 0, p, ri) = + w{r)q{r, 9, 77), (3.1) 

on Here q is an homogeneous polynomial of degree 2 w.r.t 77 

and w a positive function. Naturally, the motivation for the study of (|3.ip comes from the form of 
the principal symbol of P given by (|2.14p . 

In subsection 13.21 we will assume that w{r) — e^^*" but we start with more general cases in 
subsection 13.11 We emphasize that p is defined on T*IR" whereas Pi, is only defined on a subset 
of the form T*{Ric,+oo) x V^. The result of subsection 13.21 will nevertheless hold for p^ with no 
difficulty for we shall have good localization of the flow in the regions we consider (see Corollary 

Km . 
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3.1 A general result 

Let w — w{r) be a smooth function on M+ — (0, +00) such that 



w' ' 



w > 0, w' <0, {^—j > 0, (3.2) 
and, for some < 7 < 1, 

limsup / — G [— cx),0). (3.3) 

Jr W 

Note that hm^^+oo u'(r) exists, by p.2p . and that (|3.3p imply that this hmit must be 0. Note also 
that, for all i? > 0, we have 

^'^('') ^ 1 ^n.'i ^ ^^('')5 [i?, +00). 

These assumptions are satisfied for instance by w{r) = or w{r) = e"'^^ . 

We assume that q is an homogeneous polynomial of degree 2 w.r.t j] of the form 

q{r,9,rj)^qo{e,Tl)+qi{r,9,Tj) (3.4) 

with qi homogeneous polynomials of degree 2 w.r.t i] satisfying, for some < r < 1, 

\d^d^qo{0,v)\ < iv)'-^^^, (3.5) 
md^q,{r,e,7^)\ < {r)-^-^rj)^-\f'\, (3.6) 

and, for some C > 0, 

C-'\vf <q{r,9,ii)<CM\ (3.7) 
for (r, 9, rj) G M+ x M"^^ x M"^-^. The latter implies, by possibly increasing C, that 

C-^\v\^ <qo{0,v) <C\v\^, (61,77) e M"-i X M"-i. (3.8) 
Setting q' = drq (ie 9r9i), we finally assume that, 

— x-^ — >0 as +00, (3.9) 

q w' 

uniformly with respect to 6* e M"^^ and 77 S M"^^ \ 0. 

The Hamiltonian flow $* = (r*, 6**, p*, 77*), generated by p, is the solution to the system 

r ^ 2p 
9 — wdq/dn 

, (3.10) 

p = —wq — wq 
77 = —wdq/d9 

with initial condition 

{r\9\p',r,%=o = {r,9,p,r]). (3.11) 
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Our main purpose is to show that, if p > — p^/^ (with p = p{r, 6, p, 77)) and r is large enough, 
then $* is defined for alH > and rt +00 as t +00 (we will obtain a similar result for t < 
provided p < p^/"^). This result relies mainly on the following remark: if 77 ^ 0, we can write 

, , w' , 9, / w q'\ 

-w'q - wq' = (p - p^) IH x — . 

w \ w q J 

Using p.9p and the negativity of w' /w, this shows that, for all e > 0, we can find R > such that 

w' 

-w'q-wq'>-{l-e)(p-p^) — , on [i?, +cx3),. x IR"-^ x M„ x M"-i (3.12) 

W a f I 

which we shall exploit to prove that p > 0. 

In the following lemma and in the sequel, we shall extensively use the shorter notation 

p = p{r,0,p,ij). 

Lemma 3.1. Denote by (— t_,i4.) (t± G (0, +00] j the maximal interval on which the solution of 
i3.10\) . with initial condition is defined. Then 

Furthermore, either — s- as t t^ (resp. t —t^) or t^ = +00 (resp. = +00^. 

Note that, if p{r, 9, p, rf) — 0, i.e. p = and 77 = 0, then it is trivial that t± = +00. 
Proof. We will only consider the case of the one of t- being similar. By the conservation of 
energy we have |p*| < p^/^ thus, for t G [0,t+), r* is bounded, 

|r* - r| < 2tpi/^ (3.13) 

and r*^ >r — 2tp^^^. We now argue by contradiction and assume that t+ < r/2p^/^ (in particular, 
that t+ is finite). Then r+ := r-2t+p^/'^ > and rt > r+ for all t e [0, t+). Furthermore, by ((T71) . 
we have < C{wq + w) < C{p + w), with w bounded on [r_|_, +00), hence 0* is bounded on 

[0, t+). One shows similarly that and ?)* are bounded on [0, t-f ), using that \w'\ < w on [r_|_, +00) 
for p. This imphes that limt_t_|_ (r*, 0*, p*, 77*) exists and belongs to (0, +00) x R"^^ x M x R"^^. 
The solution can therefore be continued beyond t+ which yields the contradiction. 

We now consider the second statement. Assume that i+ < +00. We must show that r* ^ 
as i t+. Assume that this is wrong. Then there exists R > small enough and a sequence 
tk — > i+ such that r**" > R for all fc > 0. On the other hand, by energy conservation, we have 
Ir* - r^l < 2pi/2|t- s| for aU t,s e [0,t+), hence 

r* > r*" ~2p^/^\t~tk\ > R/2 

provided |i — ifc] < R/Ap^^^. Since t^ can be chosen as close to i+ as we want, there exists e > 
small enough such that r* > R/2 for t £ [t+ — £,t+)- Then, by the same argument as above, 
limt^f_i_ (r*, 0*, p*, 7;*) exists and belongs to (0, +00) x R"^^ x M x M"^^. The solution can be 
continued beyond t+ hence t+ = +00 which is a contradiction. □ 

Lemma 3.2. Let < e < 1. For any R > such that i3.12\) holds, we have the following: if 
r*o > R and p*" > (resp. p*« < 0) for some to G [0,t+) (resp. to g (-t_,0]j, then t+ = +00 
(resp. — 1_ = ~oo) and 

r^>R, > P*° (resp. < p*° ) y t > to (resp. t< to). 

Furthermore, r* > r*° + 2{t — to)p*'" for all t > to (resp. t <to). 
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Proof. As in Lemma 13.11 we only consider the case of i+ . It suffices to show that 

r* > i?, for aU t e [<o,<+). (3.14) 

Indeed, if this is true, Lemma [01 shows that t+ = +00 and then, by p. 121 1. we have p* > hence 
p* > p*° and r* — r*° > 2p*-°{t ~ to). Let us prove (|3.14p . We consider the set 

I ^{te [ta,t+) I > i? and > V s G [to,*]}- 

It is clearly an interval containing to and we set T :— sup /. By continuity, p* > p*° /2 > for t in a 
small neighborhood J of to- This implies that f* > on J, hence that r* > r*" > i? on J n [to, t+) 
and thus that > on J n [to, t+) which in turn shows that p* > p*° on J n [to, t+). This proves 
that T > to. Then, on [to,T), we have 

r*>R, P*>P*''- (3.15) 

Now assume, by contradiction, that T < Then (I3.15|l holds on [to,T] and in particular we 
have r'^ > + 2{T — to)/0*" > r*". Thus r* > i? in a neighborhood of T and this implies that 
p* > in this neighborhood. Hence there exists T' > T such that p.lSp holds on [to,T'] yielding 
a contradiction. □ 

To state the next result, we define I G (0, +00] as 

Z = — limsup / — (3.16) 

Jr W 



and we choose an arbitrary cr € M such that 



2 , M , -,^l/2 



\l if ? +00 

Note that, if I is finite, < - f + (^ + l)^/^ < 1 and that ([3l7l) is equivalent to 

(1 - cr2)//2 > 2ct > 0. 

Proposition 3.3. For any a satisfying fi3.17\ l, there exists Rw.-y,(7 > large enough such that: if 
r > Rw.-y,a (ind p > —ap^^'^ (resp p < ap^l'^), then t+ = +00 (resp — 1_ = — ooj and for all t > 
( resp. t < 0) we have 



r* > max 



((1 - 7)r, (1 - 7 - <Tl)r + 2(7//2|t|) . (3.18) 



This proposition means that, by choosing an initial data with r large enough and p > —op^l"^ 
(resp. p < ap^^^), the forward (resp. backward) trajectory lies in a neighborhood of infinity. 
In particular, the forward (resp. backward) fiow starting at {r,9,p,r]), with p > —ap^/'^ (resp 
p < ap^/"^ ) depends only on the values of p on [(1 — 7)r, +00) x R"~^ x R x M"^^. 

Proof. We only consider the case where p > — crp^/^, the case where p < ap^/'^ being similar. If 
/ < 00, (|3.17p allows to choose < e < 1 such that 

(1 - e)2(l - cr2)Z/2 > 2cr. (3.19) 
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If I = oo, we choose an arbitrary e £ (0, 1). We next choose R so that p.l2p holds with the above 
choice of e. If p > ap^^^ (recall that p^^^ > since p > —ap^^^) and r > R, then Lemma shows 
that the result holds with Rw,"/.^ ~ R- We can therefore assume that p < ap^l^ . Let us set 

i?i ^ and T ^-fr/2p^/'^. (3.20) 

By Lemma [3. 1[ we have tj^ > T and, if r > 

r* > r - 2ipi/2 > (1 ~ 7)^ > for t £ [0, T]. 

Using (f37T2|) . this implies that p* > on [0, T] and hence that > -ap^/^ for all t £ [0,T]. Let 
us now prove by contradiction that there exists t £ [0,T] such that > ap^^^. If this is wrong, 
we have (p*)^ < a'^p on [0, T], thus (jXT^ shows that, for all t £ [0, T], 

P* > -(1 - e)(l - ^t')p— (r*) > -(1 - e)(l - <J^)p— (r + 2tp^/^) , 
w w \ / 

using the third estimate of (|3.2p and the fact that r* < r + 2tp^^^ in the second inequality. By 
integration over [0,T], we get 

p^-p>-{l-e){l-a^)p''^\j^ ^, (3.21) 

using the second equality in (|3.20p . Let us now fix i?2 such that, for all r > R2, 

(^+'r> w' j{l-e)l if l<+oo 

With such a choice (and (|3.19p if I is finite), we see that, if r > max(i?i, i?2), (|3.2ip implies that 
p^ — p > 2ap^/^ and hence that p-^ > ap^^''^ which yields the expected contradiction. 

In summary, we have shown that for any r > max(i?i,i?2) and any p > —ap^^"^, there exists 
to £ [0, r] such that p*" > ap^/'^ > and > R, hence t+ = +00 by Lemma [321 Furthermore, 
> (1 - l)r on [0, T] and r* > r"^ + 2{t - T)(jp^/'^ >(!-(! + cr)7)r + 2tap^/'^ on [T, +00). Since 



max ^(1 — 7)7', (1 — 7 — (T7)r + 2(Tp^^'^tj 
the result follows. □ 



(l-7)r if t£ [0,r] 

(1 - 7 - cr7)r + 2crpi/2^ if i > T 



3.2 The asymptotically hyperbolic case 

In this part, we prove more precise estimates on the Hamiltonian flow of p when 

w{r) — e^"^^ . 

In that case, the conditions (|3.2p . (|3.3p and (|3.9p are fulfilled, with any < 7 < 1 in p.3p and we 
have / — +00 in p.l6p . 



In the sequel, we shall need the following improvement of Proposition 

Proposition 3.4. Let {) < a < 1. There exist R^ > and Ca > such that: if r > R^ and 
p > ^ap^^"^ (resp. p < ap^/"^), then 

r* >r + 2ap^^^\t\-C^, for all t > (resp.t<0). 
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The improvement consists in replacing (1 — 7 — (7"/)r in the estimate p.lSp by r — C^- 

Proof. Here again we only consider the case t >Q. By Proposition [531 we may assume that > R 
for alH > 0, with R large enough so that (|3.12p holds with e = 1/2. This implies that 

= 2e-'-'q{r\9\7j') - e-'^' drqi{r' ,0',^') > e-^^' q{r' , 9\v') =p- {p'f. (3.22) 

If p > CTp^/^, then the result follows from Lemma [3.21 (with Ccr = 0). If p < ap^l"^ , wc will show 
that, with T = 2crp~^/2/(l - cr^), there exists t e [0,T] such that p* > ap^l'^ . Assume that this is 
wrong. Then (p*)'^ < cr^p on [0, T\ and by integrating the above estimate on p*, we get 

This proves that p^ > ap^^^ which is a contradiction. Therefore, by Lemma 13.21 we see that 
j-t -r'^ > 2crpi/2(i _ T) for t > T. On the other hand, we have r* > r - 2p^^'^t for t e [0, T]. The 
latter implies that r* > r + 2ap^/H - 2p^^^{l + a)t > r + 2ap^/H - 4cr/(l - a) for t e [0, T]. This 
holds in particular for t = T and then for t > T. Thus the results holds with = 4cr/(l — cr). □ 

We have so far only studied some localization properties of $*, the Hamiltonian flow of p. We 
shall now give estimates on derivatives of <I>* . We start with the following proposition giving some 
rough estimates. They will serve as a priori estimates for the proof of Proposition 13.91 below. 



Lemma 3.5. For all < cr < 1, there exists R > such that, for all (r, 0, p, 77) e T'*M![: satisfying 

r>R, ±p>~ap^'^, (1/4,4), (3.23) 

and all ±t > 0, we have 

e^^^^d^did^d'; ($* - $°) (r, e, p, ri) < (t). 
Note the e'"''^' factor in front of the derivatives. 

We will need two lemmas. The first one is a soft version of the classical Faa Di Bruno formula. 

Lemma 3.6. Let fli C R"^, 5^2 C M"^ be open subsets, with ni,n2 > 1. Consider smooth maps 
y — (2/1, . . . , y„^) : Qi ^ Q2 o,nd Z : f^i x — > K"-'' , with ria > 1. Then, for all I7I > 1, 

d2{Z{x,y{x))) = {dyZ){x,y(,x))dMx) + {d2Z) {x,y{x)) + R^{x) 

where R^{x) = if \^\ ^ 1 and, otherwise, is a linear combination of 

(dl-^'diz) {x,y{x)) (^92'yi(x)...9^-yi(a;)) ... 'y„,(x)...92"-y„,(a;^ 

with 7,7', 7^-' e N"i , = (z^i , . . . , i/„ J e satisfying -f' ^Q, v and 

i<l. 2< |i.| + |7-7'| < I7I, 7i + ... + 7i^+... + 7^^+...+7^5_^^ =7', 

and using the convention that d2^ yk{x) ■ ■ ■ d1"'° yk{x) = 1 if i^k — (if 7^ then 7^', . . . , 7^^ are 
all non zero). 



26 



Proof. It follows by a direct induction. □ 
In the second lemma, we consider the linear differential equation 

X ^ A{t)X + Y{t), (3.24) 



with^(-) G C([0,+oo),A^ArxA'(M)jf|andy(-) e C([0, +c3o), C^) for some iV > 1. We assume that 
A{-) belongs to a subset B C C([0, +00), A^7VxAf(K)) for which there exist 6b > and Cg > such 
that 

Ill-will <C8e-^''*, t>0, Ai-)eB, 



with III • III a matrix norm associated to the norm || • || on C^, i.e. such that ||MZ|| < 



for all M e MnxnW and Z G C^. 



Lemma 3.7. There exists C > such that, for all A{-) G B and all Y{-) satisfying 

\\Y{t)\\dt < 00, 



the solutions X{-) of {3.24^ satisfy 

\\xm<c(\\x{m+ 1 \\y{s)\\ds\, t>o. (3.25) 



Proof Fix first < S < 6b and e ^ Sb - S. Choose T > such that Cee"*'^* < e for t > T. By 
the Gronwall Lemma, we have 

II^WII< (ll^(T)|| + ^°°||y(5)|M.)e^'(*-^), t>T, 

and 

||^WII< (11^(0)11+ r\\Y{s)\\ds]e^-^, t&[0,T]. 



These two inequalities give, for some C depending only on Cg, 6b, 6 and T, 
\\Xit)\\ < C (^IIX(O)II + \\Yis)\\ds^ t > 0. 

Used as an a priori estimate in p.24p . this yields 

II^WII < II^^WII + CCBe-'' {\\Xm\ + £ \\Y{s)\\ds^ , t > 0, 
which implies (|3.25p . □ 

Proof of Lemma \3. 51 As before, we only prove the result for t > Q. For |/3| + j + |a| + fc = 0, 
the result is a consequence of the motion equations p.lOp and the energy conservation. Indeed, 
for r* — r, the estimate follows directly from p.l3p . Next, the motion equation for 9, p.7p and 
Proposition 13.41 show that 



Mnxn{^) space of N X N matrices with real entries 
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hence that |6'* — (?| < (t) by integration. One similarly shows that |p* ~ p| + I??* — p| ^ {t). We 
now consider the derivatives and denote for simplicity d"' — d^^didgd'^. Denoting by Hp is the 
Hamiltonian vector field oi p and applying to (|3.10p . we obtain 

eH/3la7$t = (diJp)($*)e'-|/5l9'''$* + R{t) 
where, by Lemma [3.61 = if I7I = 1 or, if I7I > 2, is a linear combination of 

(a''i7p)($*)e''i^i (a'^iV*---9<r') ••• (a''i"77j,_i---a'''2„,y*^_^) . (3.26) 

Here v = {vi, . . . , V2n) is of length at least 2, all the derivatives of $* involved in R{t) are of strictly 
smaller order than 7 (ie 7;'. < 7 and 7^. ^ 7) and 



2<|^^|<|7l, 7i+--- + 7i" =7- 
Writing dHp as a matrix, we have 



(3.27) 



fo 





2 




/ 






























Vo 








0^ 


V 









d^^qi - 2drjq dl^q 

49^91 - 4g - dl^.qi 2deq - d^^qi 2d^q - qi 

,2 „ Q 





d^^q 



Defining M as the first (constant) matrix of the right hand side and using Proposition [33 we have 



|di?p($*) -M| < 



-,-2r' /„t\2 



< 



< 



using that 2^^/^ > 1 and that e^'^''{r])'^ is bounded, by (|3.23p . We then set 

A(t) = e-**^ (di?p($*) - M) e*^^ 
X(f) = e-**^e''l''la''$* - e''l'3l9''$°, 
y(f) = e-**^i?(i) + A(i)e''l'^l9''$°, 

so that 

i:(<) = A(i)x(t) + r(t), x{o) = o. 

Noting that IVP = 0, we have 

exp(±tM) = 1 ± iM, I exp(±tM) \<{t), 

thus 



(3.28) 



(3.29) 



To estimate X(t) by Lemma [3.71 we still need to estimate Y{t). We first assume that d'' = d!^^ 
with = 1. We then have R{t) = and 

A(i)e'^l^l5T$" = e~**'^(9^ffp)($*)e'' 

since M9^$° = 0. By Proposition l3.4l and p.23p again, we obtain 



< 



-,-2r-2at It 



< 
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so that \Y{t)\ < e-'"*/2. Using (jH:^ and LemmaE3 we get \X{t)\ < 1. Since Md^<^° = 0, we 
can rewrite X{t) = e-**^e''a^($* - $°) and, using ([3?28l) . finally get 

I e'' 9^ I < (t). 

The other first order derivatives of <&' — are studied similarly (note that there is no factor 
then), by showing that X{t) is bounded and using that X{t) e"**-^a''($* - $°) + (e^**^ - l)d'^<^° 
with ((3:^ to get 

ia7($t_$0)| < ^^^^ 

For higher order derivatives, d''^'^ — and 9'''(<i>* — <i>°) = 9'''$*. Furthermore, since the derivatives 
of involved in R.{t) are of strictly smaller order than 7, we can proceed by induction. By writing 

cc* for r*,/3*,6'* and d'^' = i9^' i9r ' 9^ ' 9p' for the derivatives involved in p.26p . with 1 < i < 2n and 
1 <l < Vi (recall that, if Vi = 0, the corresponding product in p.26|) is 1), the induction hypothesis 
yields 

|elft'ka7,'^t| < (t)^ 

since, if (31 ^ 0, df^'- = 9^' (x* — x"). If n + 2 < i < 2n (and 7^ 0), we also have 

|el«l'-9^'*77*_„-il< 

unless 9'*'' = 9^' with |/?;*| = 1, in which case we only have 1 9''''' il ^ (i)- By setting 

£ = {n + 2 < i < 2n ; 31 < Z < z^, such that d''^' = 9^' with \I3\\ = 1}, 
and N = we thus obtain 

iDDi <e^n(9''ij,)(<i>')i(i)i''i-^ni^''^--ii- 

Since the components of Hp are polynomial of degree 2 with respect to the last n — 1 variables, 
we only need to consider the case where N < 2, otherwise 1^,1+2 + • • • + i^2n > 3 and d'^Hp = 0. 
Furthermore 

|(9''i/p)($*)| <e"2-'(ry*)2— — — 2" <e-2'^'(77*)2-^. 

For TV < 2, we have (ry*)^-^ < (r/)^"^ + (t)2-^ so, using that e^'^e^^r* < ^-(2~N}r-2at ^ 
that e^''e-2'-*(77*)2-^ < e"'"* which finally imphes 

Therefore \Y{t)\ < (<)e~'^* and, by Lemma [X71 |^(i)| is bounded . The result follows then easily. 
□ 

Lemma 3.8. For allO < a < 1, there exist R > and C > such that, for all (r, 9, p, rj) satisfying 

|p*^pi/2| < ce-l*l/c^, ±t>0. (3.30) 
In particular, p* — > ip"'^/^ as t ^ ±00. 
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Proof. We consider the case where t > 0, the case of negative times being similar. Using p.l2p . 
Proposition and Lemma [XH we can choose R large enough such that p* > and 

< e~'">/T < e"'"'(hl + {t)f < + {t)f < e~"*, (3.31) 

using the fact that e~^''|77p P in the last estimate. Therefore, p* has a limit a,s t +oo. By the 
energy conservation and the estimate on e"^*" |r^*p given by ()3.3ip . we have p = (p*)^ + ©(e^"^*), 
which shows that (/O*)^ — > p. Since p* is non decreasing and = p > —p^^^, the limit must be 
p^/^. Then we get p.30p by integrating the motion equation for p* between t and +oo, namely 

P'ds^ e-2r=(2g(r^r,,7^)-(a,.gl)(r^r,r;^))ds (3.32) 

where, by Proposition [211] and Lemma [331 the integrand is 0(e^^''^^'^''((s) + (?7))^). □ 

Proposition 3.9. For all < a < \, there exists R > such that, for all j, k £ N, a, f3 E N""^, 
with the notation 

Di;'f^e^^''\d^d^,d^d'^, 
(introduced before Definition \2.'^) and (/)+ = max(0,^), we have 

(2-|/3|) + 



(2-|/3|) + 



and, for all < e < 1, 

\Dif/ip'Tp'/')\ < (e-'-(77/pi/2)y'"""^+e-4(i-e)|t|pVyi_,_|0,)/2^ 

uniformly with respect to {r, 0, p, r/) and t satisfying 

r>R, ±p > -c^p^/^ ±t > 0. (3.33) 

We point out that, apart from the energy localization and the localization in 0, the conditions 
p.33p are the main ones that define outgoing/incoming areas according to Definition 12.101 

Note also that, if (r, 0, p, 77) are restricted to a subset where p belongs to a compact subset of 
(0, +00), the estimates of Proposition 13.91 read 



- ^ - 2|^b'/')l + nt'iP' -/')! + \<'/(^' - ^ {e-^r^)f-^^^^^ , (3.34) 

- ^ {e'^r^)f-^^^^^ , (3.35) 

\Kyl^P'Tp"')\ < (e-(^))('-l^l)+e-4(l-)l*l^'^^^ (3.36) 

Actually the latter estimates are equivalent to Proposition 13. 91 by the following elementary scaling 
properties, 

(r*,0*)(r,0,p,,7) = ir^\0^'){r,0,p/X,Tj/\), (3.37) 

(p*,r;*)(r,^,p,,7) = A(p^*,r;^*)(r,0,p/A,77/A), (3.38) 
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for A > 0. Note that the condition (|3.33p is invariant mider the scahng {t,p,ri) {Xt, p/X,ri/X). 

Proof. We only need to prove p.34p . (|3.35p and (|3.36p with p E (1/4,4) and, again, we only 
consider t>0 and p > ~-ap^/^. We first assume that j + \a\ + k + = 0. By (|3.10p . Proposition 
13.41 and Lemma 13.51 we have 

1^*1 < e-^^-^'^\\rj\ + {t))<e-'^-'^'{r,), 

hence [77* — 77I ^ e~^'"(77)^ and \6* — ^| ^ e^'^'^{ri). In particular, rf — rj and 6*^ — 9 are bounded. The 
motion equation for r* yields 

r*-r-2tpi/2 ^ 2 f\p' - p^/^)ds, (3.39) 
"'0 

and, using (|3.30|) . we get |r* ~ r — 2tp^/^\ < 1. The latter estimate, the boundedness |?7* — rj] and 
imply 

\p'-P^^^\<e^^''~^*P"'\v)^- (3.40) 

Furthermore, since \p^^'^ — p\ = — p\/\p + p^^^\ < e~^''\r]\'^, we also have |p* — p\ ^ e~^^{r])-^. 
Putting ()3.40|) into p.39p . we obtain |r* — r — 2tp^/^\ < e~'^''{r])'^ which completes the proof of 
p.34|) . (I3.35|) and ()3.36|) for j + |a| + fc + = (note that we can choose e = in this case). 

Let us now prove (|3.35p when j + |Q;|+fc+|/3|>l. We first note that, by Lemma and the 
boundedness of |r* — r — 2tp^/^\, we have 

'''(e-'-'^*)! < l<f '''(e-'-'(r,* ~ v))\ + l<p''''''(e-'-'r;)|, 

< e-2*f'''(t)-'"+l"'l+'='+l'5'l (e-'-(77))''"'^''^\ (3.41) 
for all j' + \a'\ + k' + \(3'\ > 0. By writing 

e'-0=^ f e-'■°(a„g)(r^6»^e-'■\")ds, 
Jo 

and using ^M, Lemma[S3](ie |Dj"p"''"^"r*| + I ^ f + + ^" + ^ 0)' 

the Leibniz formula and Lemma [3111 we obtain (|3.35p . We obtain similarly p.36p and then (|3.34p 
(also using that {e-''{7f)f < e-''{r]) < 1). Note that, for r* - r - 2tp^^'^, ([STSi]) follows directly 
from (|3:36l) and ((339| . □ 

Corollary 3.10. Let V ^ V R"^^ be two relatively compact open subsets and let < a < 1. 

There exists R > and C > such that the conditions 

r> R, 6* e ±p> -^7p^/^ (3.42) 

imply that, for all ±i > 0, 

r* > r - C, 0* e v. 

In particular, if \3.42^ holds, the flow $*(r, 6, p, rj) depend only on p on T* {{r ~ C, +00) x V') for 
±t > 0. 

This corollary allows us to localize the estimates of Proposition in charts of asymptotically 
hyperbolic manifolds. 
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4 The Hamilton-Jacobi and transport equations 



In this section, we develop the analytical tools necessary for the Isozaki-Kitada parametrix that 
will be constructed in Section [5] 
As in subsection 13. 2|, we consider 

p = p(r, e, p, 77) p2 + e-2'^g(r, 0, 77), (4.1) 

where q is defined by (|3.4|) with qo, qi satisfying (I3.5|l . (13. 6p . ()3.7p and (13. 8|) . Although the functions 
q and go a-re well defined for 9 G K"^^, we shall mainly work with in a neighborhood of a fixed 
bounded open set 

Here Vq is arbitrary. In the applications, p will be replaced by = + e~'^^q^{r,9,ri), the 
principal symbol of P in the patch and Vq will be replaced by Vl (see (|2.22p ) contained in 

a coordinate patch of the angular manifold. Although p,, is not defined on r*R" , this does not 
cause any problem since, as proved by Corollary 13 . 101 and as will be clear from the analysis below, 
the constructions of phases, fiows, etc... depend on p^ only through its values for 6 in an arbitrary 
neighborhood of and r 3> 1. Therefore, there will be no loss of generality in assuming that 
Pt is the restriction to a neighborhood of [R, +00) x Vi^ x M" of a symbol of the form (|4.ip . The 
construction of such a continuation of is fairly standard using Ijl.Sp . 

4.1 Properties of outgoing, incoming and intermediate areas 

Definition 4.1. For all R > 0, all relatively compact open subset V (e R"^^, all a G (—1, 1) and 
all open interval I d (0, +00), we define 

r±(i?,I/,/,o-) = {(r,6l,p,ry) e K^" \ r > R, 9 e V, p e I, ±p>-ap^/'^}. (4.2) 

The open set {R,V, I , cr) (resp. (i?, V, /, cr) j is called an outgoing (resp. incoming) area. 

Definition l2.10l is of course a special case of the above one with p ^ p^^V <^V[ (see ()2.22p ) and 
R large enough. 

Note that T^{R,VJ,a) C T^{R,V,I,\a\). Therefore, by Proposition [331 outgoing (resp. 
incoming) areas are regions where the forward (resp. backward) fiow of p is well defined and non 
trapping in the future (resp. in the past) in the sense that r* — > +00 as i ^ +cxd (resp t — > —00). 

We now prove two useful propositions on outgoing/incoming areas using the classes 5hyp(r2) 
introduced in Definition 12.21 

Proposition 4.2. i) Assume that 

Rl > i?2, Vi (S V2, h g /2, CTl < 0-2. (4.3) 

Then we can find xt^2 ^ '^hyp (r*(i?2, V2, 12,(^2)) such that 

xt^2 = ^ on r±(i?i,yi,/i,(7i). 

a) Any symbol a G 5hyp ((i?, +00) x I^ x M" np^"'^(/)) can be written 

a = a+ + a", with G 5hyp (r=^(i?, F, /, 1/2)) . 
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One important point in this proposition is that xt^2 ^^'^ '^^^ be chosen in 5hyp. 
Proof, i) We may for instance choose 

with XRi^R2,Xa^^a2 ^ C°°(R), XVt^V2 e C'o°°(V2) and Xii^i2 ^ C^ih) such that 
supp(xfl.i^flj ^ (-^2, +00), supp(x£7i^<T2) C (-0-2, +00) 

and 

Xi?i-.i?2 = 1 on +00), xVi^V2 = 1 on Vi, x/i ^/2 = 1 on /i , XfTi^<T2 = 1 on (-cri, +00). 

Notice that p/p^^"^ is smooth on the support of xii-thip)- ^o defined smooth on R^", 

supported in r^(i?2, V2, /2, cr2), = 1 on r^(i?i, l^i, /i, cri) and one easily checks that it belongs to 
-Bhyp (r''^(i?2, V2, /2, CT2)), using for instance Lemma 
ii) It is very similar to the first case. We may for instance choose 

a^{r,d,p,T]) = a{r,e,p,ri)x^/2{p/p^^^), 

with x!^i/2^i/2 e C"^W such that 

+ Xi/2 = 1' supp(x^'/2) C (-1/2, +00), supp(x+/2) C (-00, 1/2). 

Here again p/p^^^ is smooth on the support of a and G '^hyp (r^(^: ^, ^, 1/2))- Q 

Let us remark that, by the first part of Proposition l4.21 r^(i?2, V2, /2, 172) is a neighborhood of 
the closure of T^{Ri, Vi,Ii,ai) under the assumption (j4.3p . In the following proposition, we make 
this remark more quantitative. 

Proposition 4.3. Assume There exists e > such that, for all {r' ,9' , p' ,r]') e K^" and all 

ir,e,p,7j)GT^{Ri,Vi,h,ai), 

\ir,d,p,rj)-ir',d',p',r,')\<e (r', 0', p', r;') e r±(i?2, ^2, ^2, ^12). 

Proof Choose first Eq > such that, ii \r - r'\ + \e - 9'\ < Eq, r' > R2 a.nd 6' e V2. Then, by 
writing 

qir', 9', e-^'rl) - q{r',9', 6'^'^) = e'^^' q{r' , 9', ,/ - 77) + (e^^''^'-') - 9', e'^rj), (4.4) 

and using p.Sp . (|3.6p with the Taylor formula, we get 

b(r', 0', p', ,/) - p(r, 0, p,r,)\< \p' - p'^\ + CW - r^\^ + C{\r - r'| + 1^ - 0'\)e-'lv\^ 
where e~^''|r/p is bounded, using p.7p . Since p is bounded too, we obtain 

b(r', 0', p', -n') - p{r, 9, p, 77)1 < C\{r, 9, p, 77) - (r', 0', p', 77')!, 
provided that |(r, 6*,^, 77) — {r' ,9' , p\if)\ < Eq and therefore, 

\p'/^{r', 9', p', 77') - //2(r, 9, p,v)\ < C\{r, 9, p, 77) - (r', 0', p', 77')!, 

<C|(r,0,p,77)-(r',0',p',7/)|, 



pV2(r.',^',p',,7') py^{r,9,p,r,) 
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if |(r, 9, p, 77) — (r', 9', p' , is small enough, using that I2 ^ (0, +00). The conclusion is then easy. 
□ 



Similarly to (|2.54p . we set 

R{e) = 1/e, V, = {9e M""^ | dist(6', Vb) < e^}. (4.5) 
Definition 4.4. For all < e < 1/4, we set 

r±(e) := r±(i?(e), (1/4 - e, 4 + e), _ 1). 
The open setT'^(e) (resp. T'^{e)) is called a strongly outgoing (resp. incoming) area. 

Here again, Definition 12.121 is a special case of the latter. We also recall that, for all e small 
enough and all {r,9,p,ri) e r^(e), (|2.56p holds, as explained after Definition 12.121 

In the sequel, we shall need very often the following result. 

Proposition 4.5. For all M > 0, there exist em > and Cm > 1 such that, for all < e < em, 
the following holds: if 

{r,9,p,^)€rt{e), (4.6) 

and 

r'-r>-M, \e'-6\<Me^, \p'-p\<Me'^, \r{ - ii\ < Mte^^\ (4.7) 
then, for all < s < 1, 

{r',9',p',sTj')€Tt{CMe). 
In particular, {r',9',p',0) S r^(CA/e). 

Proof Using (|2.56p and we first note the existence of M' > such that, for aU < e < 1/4, 

if dMl) and (gT]) hold then 

\p{r',9',p',sr^')~p{r,9,p,ri)\<M'e^ 

using in particular that srj' — r/ — s{r]' — r/) + (s — l)r/. If Cm is large enough and < cC'm < 1/4, 
we obtain 

< i - Cmc < J - e - M'e^ < p{r' , 9', p' , s?/) < 4 + e + M'e^ < 4 + Cmc 
If < e < eM with e]\f small enough, then p(r', 9', p', srj')/p{r, 9, p,ri) = I + ©(e^) so that 

±P' ^ ±P P{r,9,p,r]y/'^ _^ p' - p 

p{r', 9', p', sr]'y/'^ p{r, 9, p, 77)1/2 p(r', 9', p', sri'^Z'^ p{r' , 9', p', sr]'^/^ ' 

> l-(CMe)', 

by possibly increasing Cm- In addition, dist(0, Vb) < \9' — 9\ + dist(0, Vb) < (Cmc)^, by possibly 
increasing Cm again and decreasing em- Finally, r' > r — M > e^^'^ — M > e^^'^"'^, for all 
< e < e^/ by possibly decreasing cm again, so (r', 9' , p' , srj') e Tf{CM()- D 
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Proposition 4.6. Fix a E (—1, 1). Then, there exists R'^ > such that for all R > R'^ and all 
e > small enough, there exists t^.e > such that 

$*(r±(i?,Fo,(l/4-e,4 + e),a)) C r±(e), for all ±t>tR,,, 

where is the Hamiltonian flow of p. 

In other words, one can reach a strongly outgomg (resp. incoming) area from an outgoing (resp. 
incoming) one in finite time, along the geodesic flow. 

Proof. We consider only the outgoing case. With no loss of generality, we may assume that 
< (T < 1. By choosing R > R'^ large enough, we can use Proposition 13.41 and Corollary 13.101 
By Proposition 13.41 we have rt > r -\- ct — C iov some C, c > 0, hence rt > R{e) for all t > t^^e, 
provided 

ctR^,-C + R> R{e). (4.8) 

By Proposition 13.91 we have 1^** — 6*1 ^ e~'' hence 6** S V^, for e small enough and all < > 0, since 
g-i/e ^ Using p.36p and the energy conservation, we shall have /p^^'^{r^ ,6^ , ,rf ) > 1 — 
provided for instance that 

gV^'tK.. < e^, (4.9) 
with e small enough. Choosing tii_e so that ()4.8p and (|4.9p hold, we get the result. □ 



We conclude this part with the following explicit construction of cutoffs. 

In Section [51 we will need a result similar to part of Proposition l4.2l This is the purpose of 
the following result. 

Proposition 4.7. We can find < < 1 and a family of cutoffs X%^^ G 5hyp(r^(e^+'')), defined 
for all e small enough, such that, 

X%^, = 1 on r±(e2), (4.10) 

and, uniformly on R^", 

\e-^''Hdr,e,p,^X%^,\ + \e-^lv?dp,^dr,ex%_^^ < e'^^ J = 1,2. (4.11) 

That we can find, for each e, ^ ^hypi^ti^^'^'^)) satisfying ()4.10p would follow directly 

from Proposition 14.21 The important additional point here is the control with respect to e given 
by (|4.1ip . Note also that the power 1/2 is essentially irrelevant: we only mean that the left hand 
side of (|4.1ip is uniformly small as e 0. This rather technical point will only be used in Section 
\E\to globalize suitably certain phase functions. 

Proof. For < (5 < 1 to be chosen later, we consider the characteristic functions x^i+i ^-^d x^2+s of 
(1/4-61+^4 + 61+*) and V + B{0,e^+^) respectively. Let us choose G C^(K), e C^(k""i) 
both equal to 1 near 0, such that / = / ^ 1 ^^'^ set 

x^i+.(A) = j xUs{ti)c' {^^y-'-^'dfi, 
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One then easily checks that, if e is sniaU enough, 

xii+s^l on (l/4-e2,4 + e2), xl^+s = outside {1/4 - e^+i ,i + e^+i), 

xY2+s{0) = 1 if dist(0,l^) < e^ xY^+s{0) = if dist(0,F) > e^+i. 

Choosing w e C°°(M) supported in (1/4, +oo) such that ui = 1 near [1/3, oo), we now define 
Xf.^.ir, 0, P, V) - cu{r/R{e'/'))x^,,s{e)xi.^s {pM±p)C' {e-'^\v\Ve'-'). 

On the support of xii+s{p), we have > 1/4 — 0{e) so the factor ^(ip) only determines the 
sign of p. By (|2.55p and (|2.56p . one sees that (|4.10p holds with i' — 6/2, if e is small enough. 
Furthermore, X^^^ is supported in r^(e^+'') and belongs to Shyp(r^(e^+'')). 

Let us prove (|4.1ip . Since e~^''|r/p < e^^* on the support of x%^^^ the first order derivatives 
satisfy 



using the fact that e~^''|?7| < e^^ < e^*^ for the last estimate. Similarly 

± I ^ ,-2-2(5 ,-1-2(5 -3-4(5 

± I < 



Since e-'^''\T]\'^e~^-^^ < e^-^^ and e"2r|^| ^ e^'"'^', the resuh follows with 6 = 1/10 (hence with 
i/ = l/20). □ 

We finally consider the case of intermediate areas. 

Definition 4.8. Given V (s e > 0, 5 > and ao, ■ ■ ■ , aL satisfying P^Tp , if05|J . 

we sei 

r^itcr(e,'5;/):=|(r,0,p,7;)eR2n \ r > R{e), 6 e V, p£l{t), ±-0^ e (-^z+i, -a,_i)| , 
/or 1 < ; < L - 1. 

As previously, this definition is nothing but Definition 12.141 with p and V instead of and Vt . 
Proposition 4.9. Fix e > small enough, (5 > and ao,...,(JL satisfying |^.57p , {HHp and 



112.59]) . Then, any symbol 

a±e5hyp(r±(i?(e),K, 7,1/2)) 

can 6e written 

= '^s + '^l, inter + ' ' ' + jnt^, 

with 

at G 5hyp(r± (e)), a^i„t^^ G '5hyp(r± ^^^^(e, (5; /))• 
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Proof. By (^37)1 and (P35)) . we can find x-oo,X+oo e C°°(K) and xz e C^(-ct;+i, -(T;_i), for 
1 < I < L — 1, such that 

supp(x-oo) C (-CX), -(TL-i), supp(x+oo) e (1 - e^, +oo), 

and 

L-l 

X+oo + ^Xi+ X-oo = 1 on R. 

This simply rehes on the overlapping property of the intervals in (|2.58p . We then obtain the result 
by considering 

aL-i,intcr('''^'P'^) = a^ir,0,p,i]) X {xL~i+X-oo){±p/p'^^'^)- 

since, in the definition of a^_-^ the cutoff guarantees that ±p/p^/^ < —(7l-2 and that 
±p/pi/2 > -l/2 = -aL. ' □ 

We conclude this subsection with the following proposition giving the main property of inter- 
mediate areas. 

Proposition 4.10. Fix t>0. Then for all e > Q small enough, we can find 5 > Q small enough 
such that, for any choice of uq, . . . ,aL satisfying \2.5T^ , \2. 58]) and \2.59\) . we have 

{^tt..i^^ S\ 0) n r±,,,(e, 5; I) = 0, ±t> t, (4.12) 

for ain<l <L- 1. 

Proof. We consider the outgoing case, the incoming one being similar. Using Corollary 13.101 we 
may assume that, if e is small enough, p.22p holds for any initial condition such that r > i?(e), 
9 £ V and p > In particular t i-^ is non decreasing for t > 0. Assume that 1/2 < 

< 1 _ (£/2)2 and set 

t,=te{r,0,p,r]) :=sup|t >0 I ^ < ^ + for all s e [0,t]|. 

Notice that t^ is finite by Lemma and that p*' = p + p^/'^e'^. If 1 - + > 1/2, we have 

|pt/pi/2| < i_(g/2)2 + g4Qj^ [Q^^^)^ rpj^^g^ if e is small enough (independent of (r, 9, p,r])), we have 
(p*)Vp < 1 - (e/2)^ for aU t e [0,t,) and then, by (IX^ again, we have p* > {e/2fp on [0,t,] so 
that 

p''-p> (e/2)Ve. 

This shows that t^ < e*/{e/2)'^p = Af^/p. Then, for e small enough such that 4e^/p < t for all 
(r, 9, p, ri) in 

|(r,0,p,,/)eR2" \r>R{e), 9 e V, pel{e), -1/2 < -0^ < 1 - (e/2)2| , (4.13) 

and with S = e'^/2, we have p*' — p > 25p^/^ for all t > t. This implies (|4.12p since, for any choice 
of (To, . . . , (Ti and any l, S; I) is contained in (|4.13p . □ 
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4.2 Hyperbolic long/short range symbols 

In this short subsection, we introduce the definitions of short/long range hyperbohc symbols which 
will be useful for the resolution of transport equations in Subsection 14.51 We prove in passing 
Proposition 14. 121 below which will be used at several places, in particular in Subsection 14.31 



Definition 4.11. A smooth function a± on r^(e) is said to be of hyperbolic short range if 

\did^d'pd^a±ir,9,p,r,)\ < {r - \og{r^)y^-'-\ ir,9,p,v) e r±(e), (4.14) 

and of hyperbolic long range if 

\did^d'^d^a±ir,e,p,^)\ < {r-\og{v))-'-^ {r,e,p,rj) G Tfie). (4.15) 

Notice that in this definition, we do not assume that a £ Shyp(r^(e)). However, this will be the 
case in the applications and we now give a simple criterion to check that a symbol a S yBhyp(r^(e)) 
is of hyperbolic short/long range. 

For e small enough, by restricting a to a smaller area r^(e/C), with C > 1 large enough (or to 
r^(e^), r^(e^) as it will be the case in the applications), using Lemma [2.41 and Proposition 14.51 
we have 

air,0,p,r]) = a{r,e,p,0) + {d^a){r,0, p, s^)i(^^^~r^ds ■ e~''r], (4.16) 

"'0 

where d belongs to Cb°°(Fhyp(r±(e))) and {r,e,p,ST]) e r±(e) if {r,e,p,ri) G r±(e/C). Since, for 
all > 0, 

\didyr,\ < (r-log(7y))-^, ir,e,p,rj) e r±(e), 
we obtain that, for a e Shyp(r^(e)), 

a is of hyperbolic short/long range in Tf{e/C) <^ a|,,=o is of usual short/long range (4.17) 
in the sense that 

I (did^d'^a) (r, e, p,0)\< (r, 0, p, 0) G Vfie), 

in the long range case (recall that < r < 1) and 

I {r,e,p,0)\ < (r)---!--'", (r,0,p,O) G Vfie), 

in the short range case. 

To calculate a|^=o in some applications, we shall use the following elementary result. 
Proposition 4.12. For all r > 0, all 6 £ K"^^ and all ±p > 0, we have, for all ±t > 0, 

(r*,0*,p*,7?*)|„^o = {r + 2tp,9,p,0), (4.18) 
d^{r\9',p\v%,^o = (^0, 1^ e-^--^'Phess„[q]ir + sp,e)ds,OMy (4.19) 
where hess,,[q](r, 0) is the Hessian matrix of q with respect to rj (which is independent ofrj). 
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Proof. One simply checks that the right hand side of (|4.18p is a solution to (|3.10p (with w(r) = e"^*") 
for ±t > 0. Applying then d,j to p.lOp . one sees easily as well that the right hand side of (|4.19p is 
a solution to the corresponding system. □ 

Remark. If e is small enough then, on r^(e), we have 

r ~ log(77> > 0. (4.20) 

In particular, in this region, (r — log(77)) is equivalent to the weight 

(r - log(77))+ := max(l, r - log(77)) 

which was introduced by Froese-Hislop in fTH]. For the study of global in time estimates, which 
hope to consider in a separate paper, the resolvent estimates proved in [3] suggest that these 
hyperbolic short/long range conditions would play the same role as the usual Euclidean short/long 
range conditions used in [5]. 

4.3 The Hamilton-Jacobi equation 

In this subsection, we use the results of subsection 13.21 to solve the time independent Hamilton- 
Jacobi equations giving the phases of the Isozaki-Kitada parametrix. 

Lemma 4.13. There exists < eo < 1 such that, for all < e < eo and all ±t > 0, the map 

is a diffeomorphism from r^(e) onto its range and 

(e') C {^t (e)) , for all ±t> 0. (4.21) 

Proof. See Appendix [XI 

The power e"^ in (|4.2ip is not very important. It is only a rough explicit quantitative bound 
for the size of a strongly outgoing (resp. incoming) area which is contained in ^'j'"(r+(e)) (resp. 
^t{T-{e))) for alH > (resp. t < 0). 

The components of the inverse map {'^f)~^ are of the form {r,9, pt,rjt) with 

pt ^ Pt(r,9,p,T]), T]t=Vt{r,0,p,T]). 
Here we omit the ± dependence for notational simplicity. We thus have 

p\r,0,pt,rit) ^ p, Tjt{r,e,pt,iit)^V, (4-22) 
at least for aU (r, 9, p, ?/) e (e|]) and ±t > 0. 

Remark. It follows from the Proof of Lemma 14.131 and the scaling properties p.37p , (|3.38p that 
\E'^ is actually a diffeomorphism from the cone generated by r^(eo) onto its range, the latter range 
containing the cone generated by r^(eQ). Therefore (p(,ryt) is actually the restriction to r^(eQ) of 
a map defined on the cone generated by r^(eQ) and, using (|3.38p . we have 

{pt,Vt){r,9,Xp,XTj) = Xipxt,VxtKr,e,p,ij), ±t > 0, (r, 0, p, 77) € r±(eij), (4.23) 

for all A > 0. 
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Proposition 4.14. There exists ei < Eq such that, for all j, k E N, a, /3 E N" ^ , 

|^Cp''(Pt-p)| + |^Cp''(^*-^)| ^1' (r,0,P,77)er±(ei), ±t>0. (4.24) 
In addition, if {r,6, p,0) E r^(ei), we have 

(pt,r?t)|^=o = (P,0), (4.25) 
dnipt- P,Vt-v)\n=o^{0,0). (4.26) 

Proof By dHHl), any {r,e,p,r]) E T^{el) can be written '^f(r,9,p,fj) with {r,0,p,fj) E r^(eo), 
lience 

sup \pt- p\ + \vt~v\ < sup \p- p*{f,9,p,fi)\ + \fi - T]\f,9,p,fi)\. 

r,±(eo) 

By p.34p . the right hand side is bounded so we obtain ()4.24p for j + \a\+k + \P\ = 0. Then, for e 
small enough, using Proposition 13.91 and Lemma 14.121 we remark that, for {r,9,p,r]) E (e), 

\dp,^{p* - P,v' -v)\< I \d^dp^^{p\rf){r,9,p,srf)\ds\ri\<\e-''ri\ 



since, by Proposition 14.51 {r,9,p,sri) E r^(eo) if {''',9,p,ri) E r^(e) and e is small enough. There- 
fore, if e is small enough, 

|ap,^(p*,r;*)-Id„| < 1/2, on r±(e), (4.27) 

for all ±t > 0. Here |.| is a matrix norm. We can now prove ()4.24p when j + \a\ + k + |/3| > 1. 
Assume first that D^'^^ — e^d^, with \f3\ = 1, and denote for simplicity 

Et{r,9,p,i]) = {pt,'nt){r,9,p,'n), 'E}{r,9,p,f]) = {p\ri*'){r,9, p,1)), E = (p,ry), 
when (r, 9, p, r]) E T^ie^), (r, 9, p, fj) E T^ie) and ±t > 0. Applying e'^d^ to ( K22^ . we get 

{dp,f,E%r,9,Et)e^d^Et = (O^e^d^v) = e^d^^E, 
and using that {dp,fjE^)d^E = d~E*, we obtain 

{dp,f,E'){r,9,Et)e^d^{Et - E) ^ e^ {df,{E - ^')) ' 

where the right hand side is bounded, by p.34p . Using (|4.27p . we see that e'^d"{Et — E) is 
bounded on r^(ei) for ±t > 0, by choosing ei < Cg and such that (|4.27p holds. The other 
first order derivatives are treated similarly and are simpler to handle since there is no e''. When 
j + \a\ + k + \P\ > 2, we iterate this process using Lemma [3.61 To complete the proof of the 
proposition, we finally note that ()4.25p and ()4.26p are easy consequences of (|4.22p and Proposition 

Km D 



By Propositions 14. 13l and 14. 1^ we can define rf — rf{r, 9, p, rf) and 9^ — 9l{r, 9, p, vf) on r^(ei) 

by 

rl^r'{r,9,puTit), 9^ ^ 9^r,9, pt,Vt), ±t>±s>0, 

where ±t > ±s > means more precisely that i > s > if (r, 9, p, rj) E r+(ei) and that t < s < 
if {r,9,p,ri) E T^{ei). Here we assume that ei is small enough so that Proposition 13.91 hold for 
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r > R{ei) and a = 1/2 (for instance), which justifies that and 9f are well defined (and that 
their derivatives can be estimated using Proposition 13. 9p . 

By the classical Hamilton- Jacobi theory, the function S± defined by 

S±(i, r, 9, p, r,) = rip + Ol ■ 7/ - tp" - te-''"-' qir^ r,) (4.28) 

solve the following time dependent eikonal equation, for {r,9,p,ri) G r^(ei) and ±t > 0, 

atS± =p(r,0,a,E±,9eS±), S±|t=o = + • ry. (4.29) 

To put it in a more standard way, note that ()4.28p is obtained by defining E± via S±(i, r, 9, p*, ??*) — 
r^p* + 6** • 77* — tp{r* ,9'^ , p* ,ri*). Note also that this simple expression uses the fact that p is 
homogeneous of degree 2 in {p, rj). Now assume for a while that 

S±ir,9,p,r^) ■.^rp + 9-rj+ dt {j:±{t,r,9, p,f]) - tp'') dt (4.30) 

Jo 

is well defined on r^(ei). Then, at least formally, 

dr.eS±{r,9,p,r]) = lim dr,e'S±it,r,9, p,T]). (4.31) 

t — >±oo 

The latter only uses the fact that the term tp^ inside the integral is independent of r, 9. If we know 
in addition that 

lim dpj:±{t,r,9, p, 7]) = +00, (4.32) 

t~^±oo 

then, using that are generating functions of <i>*, namely 

$*(r,0,9,S±,aeS±) - (a^S±,a„S±,p,77), ±t>0, (4.33) 
we obtain, on r^(ei), 
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p{r,9,drS±,deS±) ^ lim p{dpTj±,d^Yj±, p.-q) ^ p 

t — ^±00 

Let us state the following proposition. 

Proposition 4.15. There exists < £2 < ei such that we can find S± — S±{r,9, p,ri), defined on 
r^(e2), real valued, satisfying 

p{r,9,drS±,dgS±) = p^, on r±(e2), (4.34) 

and such that 

S±{r,9,p,T]) ^rp + 9 -1] + (p±{r,9, p,r]), (4.35) 

for some ip± G ;Bhyp(r^(e2)) satisfying, when {r,9,p,0) e (£2), 

<P±|„=o = 0, (4.36) 

e'-9,(^±l„^o = 0, (4.37) 



e^''hess,,[v3±]|,,^o = / e^'^^''hesSjj[q]ir + 2tp,9)dt. 
Jo 



(4.38) 
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It is convenient to note that, by possibly decreasing 62 and by using Lemma (|4.16p . (|4.36p 
and (|4.37p . we can write 



l/3|=2 



(4.39) 



with a±eC,-(i^hyp(r±(e2))). 



Proof. We consider only the outgoing case. To complete the proof of ()4.34p . we have to prove 
the missing details, namely the convergence of the integral in ()4.30|) (plus its derivability) and the 
limits (|4.3ip and ()4.32|) . Defining {pf,rif) := {p'^ ,'q'^){r,9, pt,rit), the motion equations yield 



r + 2 plds, 



r + 2tp-2 



(4.40) 



By Propositions 13.91 and 14. 14] we have the following bounds on r+(ei), for s > and t>0, 



D 



hyp 



In addition, using Proposition 13.41 and (|4.2ip . we have, for s > and t>0, 

r't>r + 2(1 - eS)spi/2(r, e,pt,Vt) - C > r + s/4 - C, on r+(e^) 



< 1. 



(4.41) 



(4.42) 



with e small enough such that, p^^'^{r,6, pt,r]t) > 1/4. Using (jnO)) . (|OT1) . with 62 := 

< ti small enough, and Lemma 13.61 we obtain the existence of a bounded family (04)00 in 
'Bhyp(r+(e2)) such that 



rl^r + 2tp + at{r,e,p,ri), t > 0. 



(4.43) 



One shows similarly that {9\ 
hence that 



e ^rj is bounded in ;Bhyp(rs^(e2)) for i > and 

(4.44) 



E+ - (rp + 61 • ?7 + tp^) is bounded in Shyp(r+(e2)) for t > 0, 
which proves (|4.32p . Then, using (ji?^ and (ginSl), we note that 



(4.45) 



Therefore, using (|4.42|) . (|4.43p . (|4.44|) and (|4.45p . we obtain the convergence of the integral in 
(|4.30p and the limit ()4.3ip as well as the fact that S+{r, 6, p,j]) — rp— 6 ■ rj belongs to Shyp(r+(e2))- 
Finally, the formulas (HSU), (|071) and ^{^^ follow directly from filiSl) combined with and 

Km . □ 

Remark 1. We point out that, by applying 9^ to ()4.44p . there exists C such that, for all 
(r,^,p,?7)er+(e2) andt>0, 

|a„I]+(t,r,0,p,7y) - (?| < Ce-"- < e"^(^^). 

This shows, in the spirit of Corollarv l3.101 that the proof above depends only on the definition of 
q{r,0,r]) for 9 in an arbitrarily small neighborhood of Vq, provided £2 is small enough. 
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Remark 2. Using p.37p . (|3.38p and (|4.23p . one sees that S± is actually well defined on the conical 
area given by 

and that 

E± (t, r, 61, Xp, Ary) = AE± (At , r, 0, p, r/) , A > 0. 

This implies that S± is the restriction to r^(e2) of an homogeneous function of degree 1, with 
respect to (p, rj). 

We conclude this part with a useful result to consider phases globally defined on M^" when we 
shall construct Fourier integral operators. 

Proposition 4.16. For some small enough £3 > 0, there exists a family of functions {S±^e)Q<e<e3, 
globally defined on R^", such that 

'P±A'^^ ^1 Pi V) S±Ar, e,p,T]) - rp - 9 ■ 7] 
coincides with (p± on r^(e) and satisfies 

supp(^±,,) C Tfie'^^), (4.46) 
V^i,, e Shyp(r+(6i/2)), (4.47) 
\dp,^^dr,e'^±Ar,e,p,r,)\ < 1/2, (r, ^, p, 77) e M^n^ < e < £3, (4.48) 

with \ ■ \ a matrix norm. 

In further applications, (|4.48p will also be used under the equivalent form 

\dp,n®dr,eS±Ar,d,P,v)-ld„\<l/2, (r, 0, p, ??) e R^", < e < £3. (4.49) 

Remark. Although this proposition allows to assume that they are globally defined, the phases 
S± solve the Hamilton- Jacobi equations on r^(£2) only. 

Proof. We use Lemma UTT] and consider 

S±Ari^^P^v) ■= rp + ■ 1] + Xei/^^e{r,0, p,ri)ip±{r,9, p,T]), (4.50) 
with ip± defined in Proposition l4.15l We have S±^e = S± on r^(£) and, using (|4.1ip and (|4.39p . 

\dp,, <E> dr,oS±Ar, 9, p, 77) - Id„| < £l/^ on R^", 
since e"'"!?]] < £^/^ on r+(£^/^). This yields the result if e is small. □ 

4.4 Fourier integral operators on 

In this subsection, we derive some basic properties of Fourier integral operators associated to the 
phases S± obtained in Proposition l4.15l 

For simplicity, we introduce the shorter notation 

S±(£):=Shyp(r3±(£)), 53±(£) :=5±p(r,±(£)), (4.51) 

where the classes Bhyp and 5hyp were defined in Definition 12.21 
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By Propositions 14. 15l and 14. 1^ for all h £ (0, 1], all e small enough and all £ S^{e), we can 
define the operator 

(4.52) 



J±(a±):5(R")- 
as the operator with Schwartz kernel 



Since the symbol a* is supported in r^(e), the phase S± can be replaced by S±^e which is globally 
defined (see Proposition 14. 16|1 . Note also that J^{a^) maps clearly the Schwartz space into itself 
since, for fixed h say h — 1, it can be considered as the pseudo-differential operator with symbol 
ei-P±a± = e*¥'±-a± which belongs to Cj°°(M2»). 

To obtain the boundedness of such operators uniformly in h £ (0, f] as well as the factor- 
ization Lemma I4.f 91 below, which are both consequences of the usual Kuranishi trick, we need a 
preliminary result. 

" ^ M" defined by 



Consider the maps {p_^ J 



so that 



ir-r')p^^ + 



drfiS±^,{r' + s{r - r'), 6' + s{9 - 6'), p, 'n)ds (4.53) 



Lemma 4.17. For all {r,6,r',9') £ R^" and all < e < 63, the map {p,r]) ip^^iV^J a 
diffeomorphism from M" onto itself. Denoting by (p^ £i^± e) corresponding inverse, we have, 
for all < e < 63, 



d^d^Xded^'d';{ip±,e,rj^,e)-{P:V)) < 1, onR'^\ 
Furthermore, there exists eg > such that, for all < e < sq, we have 

{r,0,p,rj)£Tt{e) ^ (r,0,p^^,V^X , . ^ (^'^')' 

\ -^'^ -^5'^/ \r—r'&—u 



71 

±,e'-L±,eJ ir^r'.e^ 



G^^(e3^ 



{r,d,p,rj)£Ttie), 



(4.55) 

(4.56) 
(4.57) 



and 



< 



onTtie'). (4.58) 



Proof. The estimate ()4.49p implies directly that {p,ri) 1-^ {p^ is a diffeomorphism for all 

{r,e,r',B') £ R2" and < e < eg. Evaluating at {r,9,r' ,9' ,p^ J, namely 



{P, V) = (P±,e'!Z±,e)(''' ^' ^'^^'^ P±,e:P±.e)^ 



yields 



(P, V) - {P±,e^V±,e) 



drfiV±Ar' + s{r - /), 6' + s{e - 0'), P±,„ ?7±,Jrfs. 



(4.59) 



(4.60) 
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By dUni) and (glTI), <^±,, € Cj^iW^"), so {p^^^,fi^ J- {p,ri) is bounded, for fixed e. For the deriva- 
tives, we apply d^d^d-^,dgdg, to the right hand side of (|4.60p and obtain (|4.55p by induction, 
using Lemma [XH 

To prove (|4.56p . we simply notice that ip±,e coincides with (p± on r^(e'^) so that 

\{P,V) - iP±^^'!l^^,)\r=r'.e=e'\ = \dr,e'f±{r,0,p,Tj)\ < e^ 

using (|2.56p and (|4.39p . The result follows from Proposition [13] and the fact that r^(Ce) C 
r^(e^/'^) for e small enough. To get ()4.57p . we use directly Proposition I A. 1 1 proving that r±(e3) c 
**(r±(e)) with 

^'*(r,6',p,77) := (r,9, p^^^,ri^^^)\r=r'fi=9' = {r,d,drS±{r,0, p,jj),deS±{r,0, p,jj)), 

which is actually independent of t and e. 

By (|4.55p . (|4.58p holds when /3 = 0. Consider next the first order derivatives when = 1 and 
the other multi- indices are 0. Applying 9^ to (|4.59p and evaluating at r = r', 6* = 6*', we get 

where we have replaced <^±,e by tp± using (I4.57p . Since (^dp^riip_^_ ^, V^. is uniformly bounded 

and e^^d!^dr,e'P±{r,d,p±^^,r]^ ,:) is bounded, using (|4.57p again, we get the result in this case. 
Higher order derivatives are obtained similarly by induction, using Lemma l3.6l □ 

Proposition 4.18. For all < e < eg and all a^,b^ £ S^{€), we have 

||j±(a±)J±(6±r- ^ h'^4{r,e,hDr,hDg)\\^,^^„^^^,^^^^<Ch''+\ he {0,1], (4.61) 

fc<A' 

where the constant C can be chosen uniformly with respect to and when they vary in bounded 
subsets ofS^{e) and where the symbols are given by 

^fc= E -ri^r'de'DlD'^ (a(r,0,p±,„^±J5(r',0',p±,„^±,JJac(p±,„r7±,j) , ,(4.62) 

^ — ' JlOil ^ / |r— r', 0—9' 

j-\'\a\ — k 

with Jac(p_^ e^V± e) = |det(9p,r;(p_^ e^V± e))l- -^'^ particular, 

c±e 5^(6^/3). (4.63) 
Proof. The Schwartz kernel of Jh{(^^)Jhi^'^)* takes the form 

{2nh)-" J et(S±.«(''.».P.'')-5±,= ('-''e':P,';))o(r^ r])b{r' ,9' , p,7])dpdT] 
and this can be rewritten using the Kuranishi trick, ie (|4.54|) and Lemma HTTl as 

{2nh)-" J e*(('-'-')P+(fl-e')-'7)a(r-,0,p^_^,77±^J6(r',0',p±_„^±^JJac(p±,„^±,Jdpd7y. (4.64) 
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By (|4.55p . the symbol in (|4.64p belongs to C^(R^"). Therefore, the standard /i-pseudo-differential 
calculus implies that, with Ck defined by (|4.62p . we obtain the bound (|4.6ip by the Calderon- 
Vaillancourt Theorem. In addition, by (|4.56p (applied with (p, 77) = (pj- j, ^-t ,;)|r=r',6i=e'); '^^ have 
supp(4) C r+(ei/3). One then checks that G Bf{e^/^), using (ji^S]) . □ 

We note in passing that this proposition shows that, for all < e < eg and all a* G S^{€), 

II 4* (a^)||L^(R")^L^(K") <C, he (0, 1]. (4.65) 

More precisely, the constant C can be chosen independently of a* if, for e fixed, a* vary in a 
bounded subset of 5j''(e). 



Proposition 4.19. For all < e < eg, the following hold: if we are given 

^0 ' ■ ■ ■ ' 

with such that 



a±>l, on r±(e3), (4.66) 

then, for all xt ^ ^s^i^^)' cbk find . . . , 6^ e 5s^(e'^) such that, if we set 
a^{h) = 4 + . . . + h^a^, b^{h) = fe± + . . . + h^b^, 

we have 

\\jti<^^ih))4ib^ih)r ^ xtir,0,hDr,hDo)\\^.^^^^_^^.^^^^ < Ch''+\ /iG (0,1]. 
Proof. By Proposition l4.18l and the notation therein, we only need to find . . . , 6^ such that 

ct^xt, c±=0, fc=l,...,7V. 
Using Lemma 14.171 and ()4.62|) , the first equation, ie — xt 1 is solved explicitly by 

1 



e'=e " a^{r,0,p,ri)' 



where I/cq is well defined since Xi^(7', ^, ^, ^)|r'=r, 0'=e is supported in r^(e'^) by (|4.57p . 
Thus, 6^ is well defined, supported in r^(e'^) and belongs to Bf{e^) by (|4.53p and Proposition 
(since (p_^_^, ??_^ ^|r'=r, e'=e = dr,eS± in r^(e^)). Furthermore, 60 (r, 6',p_t ,,77^ Ji^/^^^ ^/^e is 
supported in r^(e^). We then find the other symbols by induction for we have a triangular system 
of equations. More precisely, the fc-th equation = (fc > 1), reads 

\ ' / \r—r',9—9' 

where d^ is a linear combination of symbols of the form 



with k2 < k and 6k-ik2-y-y' ^ product of derivatives of order > 1 of (p_|_ ^,T]j_ ^)(r,9,r' ,r]' , p,ri) eval- 
uated at r — r',9 = 9'. By the induction assumption [d"'b^^^){r^9,'pj^ ,:,rij^^^)r=r\e=e' is supported 
in r^(e^), so we have 

{r,9,p^^^,ri^^^)r=r',e=e' G r±(e3), 

using (|4.56p . Therefore, i5fc^fc277'(^7 ^_|_ g)r=r ',e=e' belongs to S^(e'^) by (|4.58p and 6^ satisfies 

the expected properties. □ 
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4.5 The transport equations 

In this subsection, we solve the time independent transport equations related to the phases con- 
structed in Proposition 14.151 If we define {v^ , w^) — {v^ , w^){r, 6, p, rj) by 



{dpp)ir,9,drS±,deS±)\ _ f 2drS± 



(4.67) 



Sd,p){r,0,drS±,dgS±)J \e-^'^{d„q){r,9,deS±)J ' 

these transport equations take the form 

v^drtt^ ■ dea^ +y^a'^ ^ z"^, (4.68) 

where y^, are given and is the unknown function of (r, 6, p, rj). Such equations arise naturally 
in the construction of the Isozaki-Kitada parametrix (see Section[5]). They can be solved standardly 
by the method of characteristics and therefore, we start with the study the integral curves of the 
vector field {v^,w^). 

Given (r, 6, p, rj) e r^(e^), with e > small enough (to be specified below), we denote by 

± 



rf =rf(r,0, p, 77), 0f = 0f (r, 0, p, r;) 



the solution to 



ff = v'^{rf,0f,p,i]), 



^ •+ -u, + + ^ (4-69) 

\0t = w^[rt,et,p,ri), 

with initial data 

In this problem, p and i] are parameters. Equivalently, 
is the flow of the autonomous vector field {v^ , , 0, 0). 

Proposition 4.20. There exist £4 > such that for all {r,9,p,ri) S r^(e|), the solution {rf ,9f) 
(resp. (r^,6^)) is globally defined on [0, +00) (resp. {—oo,Q\). There also exists C > such that, 
for all < e < €4 and all (r, 9, p, 77) £ r^(e^), we have 

(r±,0±,p,r7)er±(e), ±t>0, (4.70) 

and 



\rt -r- 2tp\ < Ce^ min(l, |i|), (4.71) 
< Ce-''. (4.72) 



9t 



Furthe 



KTirf r - 2tp)\ + \Di:;f{9t - 9)\ < C.^.p. (4.73) 



for {r,9,p,'n) e r±(e|) and ±t > 0. 
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Since S±^e — S± on r^(e), the localization property (|4.70p shows that (j)f still solves (|4.69p on 
r^(e^) if one replaces {v'^^w'^) by {v^,wf), the latter being obtained by replacing S± by S± c in 

6S7D. 

Proof. Here again we only consider the outgoing case. By (I4.39p . there exists Co > 1 such that, 
for all (r,0,p,77)er+(e2), 

\drS+-p\ < Coe-^M, \e-^^{d^q){r,0,deS+)\ < Coe-2.|^|^ (4 74) 

By (|2.56p . there exists Ci > 1 such that, for all e > small enough and all (r, 6, p, rj) G r+(e), 

e^lv\<Cie, e-2-|^| < Cie2, (4.75) 

the last inequality following from e"^^*^-* < e. If e small enough, we may also assume that, for all 
(r,0,p,ry)er+(e), 

p > 1/8. 

Fix now M = SCqCi, and for (r, 6, p, rj) £ r+(e'^), consider T :— T{r, 9, p, rj) defined by 

T = {t > I (r+, 61+) is defined and r+ > r + s/8, \9f - 0\ < Me^, y se [0, t]}. 

The set T is clearly an interval containing and, if e is small enough. Proposition 14.51 shows that 
(r+, 6*+, p, T]) e r+(e) for all s e T. Thus, by (jiTi]) and diJE]) . we have 

|r+ - 2p\ < 2CoCie, |^+| < CoCie^, s e T, 

and, by possibly assuming that C^Cie < 1/8, we have r+ > on T. Choosing Cm > 1 as in 
Proposition [¥31 we now claim that, if 

e<e2/CM and r > R{Cm<^), 

then T := supT = +00. Assume that this is wrong. Then T is finite, belongs to T and, on [0, T], 
we have 

r+ > r + s/8 > r, \e+ - B\ < Cie^ < Me^ 
so, by Proposition EH (r+, 6*+, p, r;) e r+(CMe) C r+(e2) and, by Km . (liTSl) . 

|r+ - r - 2pr| < Coe-n?y| / e-*/*ds < Coe-''\7^\T < CodeT, (4.76) 

Jo 

16*+ - 6*1 < Coe-2'^|?7| /" e-'/'^ds < 4Coe-'^'^\Tj\ < bCoCie^. (4.77) 

This implies that > r + T/8 and that ^ ^| < Me^ so the flow can be continued beyond T, 
yielding a contradiction with the definition of T. The flow is thus well defined for t > 0. Then, 
(|4.7ip and (|4.72p follow from the first inequalities of (|4.76p and (|4.77p with an arbitrary t > 
instead of T, since e"''!??! < for {r,0,p,ii) e r+(e^). If e is small enough, Proposition [331 (|4.70p 
shows that is a direct consequence of (|4.7ip and (I4.72p . using that e^^ <C e^. 

It remains to prove (I4.73P for j + \a\ + k + > 1. We consider rf' := — 2tp and 9^ := 6*+, 
which satisfy 

dT+/dt^v{t,rtX,P,v), d9t/dt = w{t,r+X,P,v), (4.78) 
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with 

v{t,r,e,p,T]) = {dr(p+)(r + 2tp,0,p,i]), 

w{t,r,e,p,r,) = e-^--^'Pidr,q){r + 2tp,e,deS+{r + 2tp,e,p,r])). 
Using (0311), we have, for aU /, a', A;', /3', 

l<;''''''(^.^)l^(^)''e-'*''<e-'*'', t>0, onr+(e2/C), (4.79) 

with C such that if (r, 6*, p, 77) G r+(e2/C) then (r + 2tp, 9, p, rf) e r+(e2/C). Note also that if e is 
small enough and {r,0,p,i]) £ T+{e'^), we have {ff ,d'l' , p,T]) £ r+(e2/C), using (|i?7T|) . (|i?7^ and 
Proposition 14.51 We then obtain (|4.73p by induction by applying i'^yp'^ (|4.78p . Indeed, using 
Lemma and (|4.79p . we have 

where C'(e~^''*) = for first order derivatives and, otherwise, follows from the induction assump- 
tion. Since \drfiijJ,w)\ < e"^''*, Lemma [37fl yields the result. □ 

We now come to the resolution of (I4.68|) in a way suitable to further purposes. 

Proposition 4.21. There exists €5 > such that, for all < e < 65 and all £ Bhyp{Tf{e)) of 
hyperbolic short range in r^(e), the function 

«^om = exp (^J^ o (j)fd^ , 

solves on r^(e^) with = , belongs to Shyp(r^(e^)) and 

^hom ~ 1 of hyperbolic long range in r^(e^). 
In addition, for all £ Bhyp (r^(e)), of hyperbolic short range in r^(e), the function 



Oinhom = " ^ ° (/-s exp l^y^ y °(t)uduj ds, 

solves 14- 6^ on r^(e^), belongs to ;Bhyp(r^ (e^)) and 

^inhom of hypcrboUc long range in r^(e^). 
We need the following lemma. 
Lemma 4.22. There exists £5 > such that, for all j, a, fc, (3 and all N > 0, 

\did^d';d^{rt ~ r ~ 2tp) I + \dld^d'^d^{et -0)\ < (r - log(7y))-^, 
on r^(e5), uniformly with respect to ±t > 0. 

Proof. By Proposition [431 there exists C > such that, for all e small enough and all s £ [0, 1], 
ir,0,p,r,)£Ttie^) ^ {r,0, p, sij) £ TfiCe^). (4.80) 
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Therefore, if Ce^ < e| and if we set X^{r, 9, p, rf) = {rf — r — 2tp, Of — 0), we can write 
Xt{r, e, p, f]) = X^(r, 6, p,0) + f (e''a^X±)(r, 6, p, S7y)ds • e'^'r], 



on r^(e^). The crucial remark is that Xf{r,9,p,0) = 0. Indeed, by (|4.35p and (|4.36p . we have 
drS± = p and dgS± = at 77 = (notice that {r,9,p,0) S (£2) if Ce^ < £2), so the solution to 
is simply {r+2tp, 9) in this case. In addition, by (gTTSl), {^t')t>o is bounded in Shyp(rf (e^)). 
Thus, for all N >0, 

\did^d'^d^X^ir,9,p,v)\<e-^fj)<{r-\og{rj))-^, ±t > 0, {r,9, p,fj) e Tfie^ 

which yields the result. □ 

Proof of Proposition For simplicity we set d'^ — dldgd'^d!^. Then, using Lemma [3.61 with 

I7I > 1, d'^ {y^ ° <f>f) is the sum of 

(dry^) o </>±aV,± + {dey^) o 0± • d''9t + S.Md^^y^) o </.^ (4.81) 

and of a linear combination of 

{d^-^' df-P' d'^^gy^) o </>,± (a^Jr? . . .a<r±) . . . (a^"(^^)„-i . . .95(0?)„-i) , (4.82) 

where {9f)i, . . . , (0^)„_i are the components of 9f, (0, 0, k' , f3') + tI — 7' using the convention 
and the notation of Lemma [321 By ()4.73p . we have 

\{dry^) o 0^a^r±| < {rf - \og{r^))—^ e^^^f'^ {s)- , 

where k = 1 if fc = 1 and j + |a| + \j3\ = 0, and n = Q otherwise. On the other hand, by Lemma 
I4.22[ we have 

\{dry^) o (pfd-^rf] < {rf ~ \og{^))-^-^r - log(7,))-^^ 
with the same k as above and j = J if J > 2, or j = for j < 1. Similarly, we also have 

lidey^) o </>± . d''9t\ < {rf - log(,7)) — ^ x min (e-l^l^ (r ~ log(,7))-^) , 

while, for the last term of ()4.8ip . we have 

\SMd'pd^y^) o 0±| < min (r± - log(r?)) — 1-^) , 

since e~''^'^'- < ^-If^l^^-'^lPW^l fQj. ^± _ j, _ 2ps is bounded from below and ps > 0. Now, we remark 
that 

I (s-'iV^ . . . d<rfj I < (sf^r - log(ry))-^°, 

1 ot^ k} 1 1 

where v\ is the number of 5''' = di' dg' dp' dij' for which j/ = 0, TVq = if j/ < 1 for all I and iVo 
is any positive number if jl > 2 for at least one I. We therefore obtain, if /3 = f3' , 

KSIHll < (r^ -log(ry))-^-i-''imin(e-''l'^l(s)''\(r-log(?7))''i-''i-^»'^~i) , 
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since vi — vi — j > in the case where no r derivative fall on the components of Of^ and only r 
derivatives of order at most 1 fall on rf. If /? 7^ /?' , we have 

IgSai < min (e-2|/3-/3'IIP«le-l'3k(s)'^i^(,.± _log(r,))-^-i-'^i(r-log(r/>>'^i-''i-^(s)''~i) . 

Since rf^r — 2ps is bounded from below, ps > (with |p| > 1) and using ()4.20|) . we have 

(r± - log(,7))---i-^^ <{r- log(7y) + ^'^^^ 

All this implies that 

Id^.d^d'^d^ (y± o 0±) I < (r - log(,7) + \s\)-^-\r - log(r;))-^ 

and since 

r+oo 

/ (r - log(r,) + \s\)-^-'ds <{r- log(r,))-^ 
Jo 

(using (|4.20p on strongly outgoing/incoming areas), we see that the function J^°" y^ocfjfds belongs 
to Shyp(r^(e^)) and is of hyperbolic long range. This implies easily that the same holds for 
^hom ~ 1- Ot^^ then checks that a^^^ solves the homogeneous transport equation by computing 
'^('^hom ° ^t)ldt at t = 0^. One studies similarly the case of Oi^hom- '-' 



5 An Isozaki-Kitada type parametrix 

In this section, we prove an approximation of e~**''^Q3^(x^) when xt supported in the strongly 
outgoing (+)/ incoming (— ) region r^g(e) (see Definition 12.121 for these areas and Definition 12.11 

for Q3^(-)). We recall that t is an arbitrary index corresponding to the chart at infinity we consider 
and where the symbols are supported (see (|2.4p and (|2.19p ). 

Here we will prove an approximation, valid for times such that < ±t < /i^^. Basically, we 
will show that, for any N ^ e~^^'^^ Opi^{x^) is the sum of a Fourier integral operator and of a term 
of order in the operator norm of L^{Ai, dG), uniformly ioi- < t < h^^ . 

We will therefore essentially prove half of Proposition 12.201 namely the estimate ()2.77p . The 
dispersion estimate p.76p . following from a stationary phase argument on the Fourier integral 
operator, will be proved in Section [T] 

In Theorem 15.11 below, we use the classes of symbols 5hyp(-) introduced in Definition 12.21 and 
the Fourier integral operators (|4.52p defined in Subsection 14.41 For these operators, the phases are 
associated to the Hamiltonian p — p,,, the principal symbol of P in the i-th chart, as explained in 
the beginning of Section 21 

In the sequel, we fix t G X (see (12. 2p ). 

Theorem 5.1. For all N > 0, there exists e{N) > such that, for all < e < e{N), the following 
holds: there exists a^(h) = + • • • + h'^a^ with 

a^,...,a%€ 5hyp (r^s(e)) > 

such that for all 

xt e 5hyp (r± (e^)) , (5.1) 
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we can find h^{h) = + • • • + h^b^, with 

e5hyp(r±(e^)), (5.2) 
such that, for all T > 0, there exists C > such that 

provided 

0<±t<Th~^, he [0,1]. 

We emphasize that, by (|2.2ip . (|2.22p and (|2.54p . the symbols a^{h) and b^{h) are supported 
in (e~-^, +oo) x Vt^e x M" C {Rjc + 1, +oo) x V/ x M", for e small. Therefore the Schwartz kernel 
of the operator (a±(/i)) e"**''-"' {b^W)* is supported in {{Rjc + 1, +oo) x F/) and hence 

is well defined on the whole manifold (by the implicit requirement that its kernel vanishes outside 
the coordinate patch x oi A4 x Ai). 

We also remark that e{N) could certainly be chosen independently of N. However this is useless 
for the applications we have in mind and we will not consider this refinement. 

Before starting the proof, we fix or recall some notation. We set 

P, = {-ii-^y P{-i',)* = p{r,e, Dr, Dg) + pi{r,9, Dr, Dg) + p2{r,9) 

with p the principal symbol and pk of degree 2 — fc in (p, 77) for k — 1,2. 

Accordingly, we drop the indices l from the notation of strongly outgoing/incoming areas . In 
other words, we consider the areas given by Definition 14.41 with Vo — V^. The explanation at the 
beginning of Section [¥] shows this should no cause any ambiguity. 

For simplicity, we also use the notation (|4.5ip . 

Recall finally that, for some fixed > small enough. Proposition 14. 161 proves the existence of 
S± solving 

p{r,e,drS±,deS±)=p^, (r,^,p,77)er+(ej. (5.3) 

Proof of Theorem 15. jl We denote for simplicity 

A±= J±(a±(/^)), Si ^ J±(6±(/i)). 
By the Duhamcl formula, wc have 

f,-^thP^*^^ = q,*A±e''*''^' - - / e-'^*-''^''^'f:{h^P,A± - A±h^Dl)e-'''''^'ds. (5.4) 

Jo 

Multiplying by BK^f.^^)* and denoting 

C± xHr,d,hDr,hDg){k(g)k,)-A±Bl, (5.5) 

D±{s) := {h^P,A±- A±h''D^,)e~''''^'Bl, (5.6) 



< Ch 



N-1 
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(where k and are the cutoffs used in Definition 12. ip . we obtain 

h J a 

Using (|2.8p with q ~ 2, the theorem will then be proved if we find a^{h) and b^{h) such that 

I|C^±IIl2(R")^l^(E") < h^, ||i^±(s)|U2(R„)^i.(R„) < h''+\ h e (0, 1], (5.7) 

uniformly with respect to < ±s < Th~^ for D±{s). 

For simplicity we only consider the outgoing case but the incoming one is of course completely 
similar. 

Construction of a+(ft,). We first define (t;+, w+) by (|4.67p and also set 

y+ := p{r,9,dr,de)S++pi{r,9,dr,de)S+. (5.8) 

Lemma 5.2. There exists < such that j/+ belongs to yShyp(r+(e,,)) and is of hyperbolic short 
range on T'^{e^). 

Proof. It follows from p. Ill) and (I4.17P since Proposition 14. 151 shows that J/^^^q = 0. □ 
Elementary computations show that, for all Oq , . . . , € iSj^p(e) and a+(/i) — Oq +■ ■ • + /i^a^, 

h'PJ+{a+{h)) - J+{a+{h))eDl = h'jUdt)^ 

1=0 

where the symbols are given by 



d+ = {p{r, e, drS+, dgS+) - p2) a+ - I {v+dra+_^ + w+ ■ dga+_^ + y+a+_^) + P,a+_^ 

— —i(^v^dra^_-^+w^-dga^_-^+y^af_-^)+P,,a^_2, (5.9) 



using ()5.3p and assuming e < e^. Here, we have < / < + 2 and the convention that = 
a'^i = a^_|_]^ = ijv+2 = ^- particular, the first three terms arc given by 

d+ = 0, (5.10) 

id'^ = v^drOQ + ■ dga'^ + y^OQ , (5-11) 

id+ = v+drO^ ■ dea^ + y+a^ +iP,a'^. (5.12) 

Using Proposition 14.211 Lemma 15.21 and assuming < min(ej,e5) we can define 

ao{r,0,p,T]) ^exp(^J y+ o {r,e, p,ri)ds^ , (r, 6*, p, 77) G r+(ej 

so that Oq € Shyp(r+(eJ), — 1 is of hyperbolic long range in r+(ej and 
v^drd^ + ■ deCLQ + y^a^ =0 on r+(et). 
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at = I 



Since the function ?/+ o (jy^ds is bounded on r+(et) (see the proof of Proposition l4.2ip . we also 
have 

at{r, 9, p, r,) > 1, (r, 9, p, r,) G r+(eO. (5.13) 

Using (|2.1ip and the fact that a^J" — 1 is of hyperbohc long range, it is easy to check that Pi.aQ is 
of hyperbolic short range in r+(e^ ). By Proposition 14.211 we can then define 

at =i {P,at) o (pt exp (^J^ y+ o ds, on r+(e^), 

which belongs to ;Shyp(r+(e^)), is of hyperbolic long range in r+(e,,) and satisfies 

v+drat + w+ ■ dgdt + y^at = -iP.at on r+(e^ ). 
More generally, for 1 < / < A^, we can define iteratively 

: ^ {Pidt_t) ° <l^t exp {^j^ y+ o (jitdi^j ds, on r+(ef ), 

which belongs to Bhyp(r+(ef )), is of hyperbolic long range in r+(ef ) and satisfies 

v^dr&t + ' (^e^t + y^<^t = ^^P^^t-i r^(e^ ), 

using Proposition 14.211 and the fact that P^dt_i is of hyperbolic short range if at is of hyperbolic 
long range. Hence, using Lemma 14.71 with e < and setting 

with the at defined above, we have constructed a^ , ■ ■ ■ , £ 5j^p(e) with at satisfying (I4.66p . by 
(|5.13p . Furthermore, 

d+e5+p(e) for 0</<7V + 2, (5.14) 
d+ = on r+(e^) for Q<l<N. (5.15) 

Construction of h'^{h). Given xt ^ '^hyp(^^)' then simply choose the symbols ht , . . . , fe^ 
according to the Proposition [HTH with e < min(e^" , ee). 

Justification of the parametrix. Since k (g) = 1 near the support of xt ^ have 

I \xtir, 6, hDr, hDg) - xtir, 0, hDr, hDe){k ® ^0 1 L2(R„)_i2(R„) < h^' , h e (0, 1], 

for all M, using the standard symbolic calculus, the Calderon-Vaillancourt Theorem and the fact 
that 5j+p(e) C Cfc°°(R2»). Using Proposition 09l we therefore obtain 

II'^^IIl2(R'.)^l2(R") ^ h e (0,1]. 

It remains to consider D^{s) which reads 

N+2 N 

D+i^) =1111 h'^^jt{dt)e--^^^^tjt{bt,r. 

1=0 "1=0 

By (|4.65p and (|5.14p . the part of the sum where I > 1, has an operator norm of order h^~^^. 
Once divided by h and integrated over an interval of size at most h~^, the corresponding operator 
norm is 0{h^^^). The control of the other terms of the sum will follow from the next result. 



54 



Proposition 5.3. If e is small enough, then, for all <l,m < N and all M > 0, we have 



J+(d+)e~^^"^'- J+(fe+)* < Q/i", he (0,1], < s < Th-\ 

The proof is based on a fairly elementary non stationary phase argument. To control the 
operator norms of the kernels obtained after integrations by parts, we need the following rough 
lemma. 

Lemma 5.4. For a € C^(M'^") compactly supported with respect to p, let us set 

[a]+{r,e,r',e') = {27: h^ J j eT^^^+-'-''-''-P-''^-'P^~'^+''^''' -"-"^^ air,e,r' ,9' , p,Tj)dpdr], 

using S'+^g defined in Proposition \4-16\ Denote by : L^(M") — )■ L^(R") the operator with 
Schwartz kernel [a]^ . Then, there exists nQ{n) > such that, for all e small enough, 

II^^I|l^(R")^l^(R") <C^e/^~""(s)"° max sup||9^a|U, 

l7l<no R3" 

for all h e (0, 1], all s G R and all a e C^{R^'') satisfying 

supp(a) C {\p\ < 10}. 

Proof. It is a simple consequence of the Calderon-Vaillancourt Theorem by interpreting as the 
pseudo-differential operator with symbol 

where ^p+^t is defined in Proposition 14.161 □ 

Proof of Proposition FOi We notice first that, by Proposition l4.15l and (|4.39p 

dp (5+(r, e, p, Tj) ~ sp" - S+{r',6', p, -q)) = r - r' - 2sp + 0{^), (5.16) 
a, {S+{r, 9, p, Tj) - V - S+{r', 9', p, v)) = - 9' + 0{e-^l'), (5.17) 

on the support of d'l' {r, 9 , p, ri)b^{r' , 9' , p, ij) . On the other hand, by construction, we have 

dl' = i^^ {v+drXe^^e + W+ • deXe^^e) O.'^i^ + P,{Xe'^ ^^aj_^) - Xe^^ePuai_2, 

(with the convention that — '^^i = 0)- Using in particular that 

w+ ^e-'-(d,,q){r,9,e-'-deS+), 

df is a sum of terms of the form c{r,9, p,r])d^{e~^dg)°'xt2-,e^ '^^^^ + l"^! ^ 1 and c S 'B+(e). 
Using the form of X%^e gi'^^n by Lemma 14.71 we see that, on the support of such terms, at least 
one of the following properties hold 

e-^<r<e-^, (5.18) 
p{r, 9, p, 7,) < 1/4 - or p{r, 9,p,Tj)>4 + e\ (5.19) 

^4-2«<g-2r|^|2<^2^ (5.20) 

dist(6l,K) > e^ (5.21) 



55 



for some fixed < k < 1 in (|5.20p . For terms such that (|5.18p holds on their supports, we have 

dmni) < - - 2sp + C < -1 - 2sp. (5.22) 



for e small enough and integrate by parts w.r.t p. For those satisfying (|5.19p on their supports, 
then we must have 

since e~^''|?7p < in any case, whereas on the support of fe^, where p(r', 6*', p, 77) £ (1/4 — e^, 4 + 
and e-2'-'|?7|2 < e^, 

P^-l/4>-e^ and - 4 < e^, 

so that the amplitude vanishes identically, again if e is small enough. For those satisfying (|5.20p 
on their supports, we have e''|?7|^^ < e"^^. Since e^^ |r/| < e^, we get 

^r-r' <C+{1 + K)\ne<t:0, 

which implies again that (|5.16p < —1 — 2sp, if e is small enough. Thus on the supports of terms 
satisfying either (|5.18p or (|5.19p or (|5.20p . we have | ()5.16p | > (s). By standard integrations by parts, 
the kernel of corresponding operator can be written, for all M, as in Lemma 15.41 with amplitudes 
of order {h/{s))^^ in C^(R^"'). Hence, their operator norms are of order {h/ {s))^'^^"° with an 
arbitrary M . 

For the remaining terms satisfying ()5.2ip on their supports, we remark that \d' — d\ > 
(otherwise dist(6', V,) < \e - e'\ + dist(6'', VJ < e^^ + < hence 

Thus, for all M > 0, the kernel of the corresponding operators can be written as in Lemma [5.41 
with amplitudes of order h'^^ in C^(K'^"). Since M is arbitrary, their operator norms are of 
order /i*^ if \s\ < h-^. □ 

This completes the proof of Theorem 15.11 □ 



6 Geometric optics and Egorov Theorem on AH manifolds 
6.1 Finite time WKB approximation 

In this subsection, we give a short time parametrix of e~**''^Q3^(x^) when is supported in 
an outgoing (+) or an incoming (— ) area. This parametrix is the standard geometric optic (or 
WKB) approximation which is basically well known. Nevertheless, in the literature, one mostly 
find local versions (ie with x G C*^) or versions in for elliptic operators. Here we are neither 
in a relatively compact set nor in the uniformly elliptic setting so we recall the construction with 
some details. 

Analogously to Section^ we prove here an approximation. The related dispersion estimates 
leading to (|2.78p will be derived in Section [T] 

We also emphasize that, although we shall prove this approximation with a specified time 
orientation (ie i > for x'^ and t < for x~): this result has nothing to do with outgoing/incoming 
areas; in principle we should be able to state a similar result for any x supported in p~^{I) and 
for times \t\ <C 1. We restrict the sense of time for only two reasons: firstly, because it is sufficient 
for our purpose and, secondly, because we can use directly Proposition 13.91 (we should otherwise 
give a similar result for the geodesic flow for t in an open neighborhood of 0). 
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In this subsection t is fixed (ie we work in a fixed coordinate patch). We drop the subscript l 
from the notation of symbols, phases, etc... For instance, we replace by p everywhere (see the 
beginning of Section [J]). 

Fix then 

/i g /2 (E /3 (E (0,+oo), 
three relatively compact open subsets of V/ (sec (|2.22p ). 

Vi^V2^V3<£ V;, 

and three real numbers 

— 1 < (Ji < (72 < (73 < 1. 

For some i?3 large enough to be fixed below, we also choose arbitrary i?i , i?2 real numbers such 
that 

i?i > i?2 > i?3. 

Theorem 6.1. For all R3 large enough, there exists iwKB > and a function 



SeC°°([0,±twKB] 



X 



i}2n 



such that, for any 

e5hyp(r±(i?i,ii,/i,ai)), (6.1) 

we can find 

a±(t), . . . , a%{t) e 5hyp (r±(i?2, V2, 12,^2)), 
depending smoothly on t for < ±t < twKB; md such that, if we set 

a±(i,/i) = a±(i) + --- + /i^a±(i), 

the operator defined on C^(R") by the following kernel 

[J^ {t,ai{t,h))] {t,r,9,r',d') = (27r/j)-" / / eU^^^'-'^''''''^^-^'''-''-^)a^it,h,r,e, p,r^)dpdrj, 



satisfies, with 1^ the characteristic function of {R3, +00) x Vg 



3, 



e-'"'''Op,{x^)~XJ,f{t,a^it,h))l,{^-Y - ^ <Ch^+\ (6.2) 

for 

0<±t<twKB, /ie(0,l]. 

In addition, the functions are of the form 

Y.^{t,r,e,p,Ti) ^rp + e -1] + {T;^{t,r,0,p,r]) -rp-rj-r]) xt-^3{r,0, p,T]), 

with X2~^3 G '5hyp(rj^(i?3, V3, /3, (T3)) such that X2-^3 = 1 on rj^(i?2, V2, /2, 0-2), and some bounded 
family (Sj (i))o<± 

t<twKB •Shyp (r;^ (i?3 , ^3 , /3 , (73 ) ) satisfying 



E±(O,r,0,p,r;) =rp + 0-?7 
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and 

\Kp^ i^oit^ r,0,p,r^)-rp-9-r^~ tp{r, 6, p, 77)) | < C.^kpt', (6.4) 

both for 

< ±t < iwKB and {r,9,p,T]) eVfiRs^VsJs^as). 

We also have 

— r/3 — • 7y)jj^_l_^^j^^^ bounded in 5hyp (r|^(i?3, V3, /a, (73)) . (6-5) 
Finally, for all <j < N, 

("j^'^^))o<±t<twKB "is bo'^'^ded in Shyp{Tf {R2, ¥2,12,0-2)) ■ (6.6) 
Notice that Vi d V/ so it makes sense to consider Opi^ix^) (see (|2.23p '). 

In principle it is not necessary to have -R3 large to get such a lemma, but this will be sufhcient 
for our applications. The interest of choosing R3 large is simply to allow to use directly Proposition 

m 

Note also that, by (|6.6p . the kernel of J'f^ (t, a'^{t, h)) 1^ is supported in {{R3, +00) x VJj)^. 

The rest of the subsection is devoted to the proof of Theorem 16.11 We need to find I]± and 
a^(t, h) such that 

J,f(0,a±(0,/i)) = x^{r,0,hDr,hDg), (6.7) 
{hDt + h^P,)j^{t,a%{t,h)) = h^+^R^{t,h), (6.8) 

where P, = {'9Z^)*P'^'l and 

l|i?w(i>^)lk^(K")-L^(K") <^^> (0,1], 0<±i <%KB. (6.9) 

Indeed, if jSj]), and ([621) hold then 

ih^+' f e-'^'-^'^'^P^RNis, h)l,, 
"'0 

will yield since, for all M > 0, 

||*rx±(r,e,/ii?.,/i7^«)l,, $,(x±)||^.(^_5g)^^.(^_5g) < CAf/i^, 

by standard off diagonal decay (see Definition 12. II for Q)J, since It = 1 near Ilr^g (supp(x^)). 
To get the conditions to be satisfied by Tr^ and a J , . . . , we observe that 

JV+2 

{HDt + eP,) J,f {t, a%{t, h)) = ^'^h {t^ bf{t)) , (6.10) 

j=o 

where, if we additionally set = '^^i = '^n+i ~ = 

b, = {dt^^ +p{r,e,dr^^,de^^))af +i-\dt+T^)af_^+Paf_^, (6.11) 
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with 

T± - 2dr^^dr + (a„<z)(r, e, e-'-9eS±) • e-'-^e + [p + pi)(r, 0, 9., (6.12) 

where q is defined in (|4.ip and pi is the homogeneous part of degree 1 of the fuU symbol of P, . To 
obtain ()6.7p . ()6.8p and ()6.9p it wiU therefore be sufficient to solve the eikonal equation ()6.3p . then 
the transport equations 

(at+T±)a± = 0, 4(0,.) = X^(.), (6.13) 
(at+T±)a± = -zP,a±_i, a±(0,.) = 0, (6.14) 

for 1 < fc < A^, and finally to get an bound for Fourier integral operators of the form (t, a) 
(using the Kuranishi trick). 

To solve (|6.3p . we need the following lemma for which we recall that (r*, 6'*, p*, 77*) is the Hamil- 
tonian flow of p. 

Lemma 6.2. For all —1 < CTeik < cr^j^ < 1, all open intervals I^ik <£ -^oik (Oi+oo)i f^^^ open 
subsets Vcik (s V^'iij. (£ V/ and aZZ i?cik > -Reik large enough, there exists ti > small enough such 
that 

^'^■.ir,e,p,7j)^ir\e\p,rj) 
is a diffeomorphism from ^^(_R^J., VJ,'jj., /^j^, c^^J^) onto its range for all < ±t < ti and 

r±(i?eik, K=ik, /cik, fTcik) c (^±(i?^k, Kik, 4k, f^cik)) for all o<±t< ti. 

Proof. Let us choose first a'^^^ E K, /"jj^ open interval and V^^^^ open set such that 
<ik < f^eik < 1, -^cik 4k (0, +oo) and Kik ^c^k <^ K'- 

We also choose i?";,^ > large enough such that Proposition l3 . 91 holds with a = |cr"j]^| and R = -Reik- 
We then choose arbitrary i?eik and P^j^. such that 

-Rcik > ^cik ^eikJ 

and then xt. e S,^^ (r^Ku^XL^ IcU.^ <uJ) such ^ 1 on ^±(i?^, K;„/^„a^,). The 

existence of such a function follows from Proposition 14.21 i). In particular, x,^„ and dr,e,p,r]Xi^/i 
are bounded on R^". For ±t > 0, consider the map 

: M^n 3 (^^ 0^ r,) ^ (^^* 2p^ds, e-'■''(a„g)(r^ 0^ e-'^\^)ds^ ^, v) e M", (6.15) 

so that, by the motion equations, 

= idK2„ + (£*±, 0) on ^±(i^^k, Kik, 4k, ^k)- 

By Proposition 13.91 we have \dr,e,p,7j£±\ ^ K|, hence IdR2,i + (e±,0) is a diffeomorphism from R^" 
onto itself, for all zLt > small enough. Therefore, it remains to show that, if t is small enough 
and (r, 6*, p, r/) e r^(i?oik, Kiik, 4ik, cTcik) is of the form 

(r, e, p, r;) = (r', 6', p', r;') + (e^(r', 9', p', r,'), 0), 
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then {r',e',p',ri') e Kik' ^oik' ^cik)- Wc have trivially p ^ p' and 77 = 77'. By Proposition 

m 141 < \t\ on M2"^ so |r - r'| + |6i - 0'\ < \t\, hence r' > R'^-^ and 61' G V^'j^ if i is small enough. 
Furthermore, by writing 

g(r, e'-r,) - q{r\ e'^' 7^) = q{r, 9, e'^v) - q{r',e', e-^rj) + (1 - e-2(-'-0)^(/^ ^'^ ^-'-,7), 
we see that 

bC?", 9, p, T]) - p{r', e', p,f])\< \t\ 

using the boundedness of |e^^ r/| and the Taylor formula. Hence 

p{r', e', p, 1]) e 7^1, and ±p> -cr^kP(^■', 0' , p, ry)^/^ 

if t is small enough, since p{r,9, p,7j) £ /cik and ±p > —(7cikPif,0,p,riY^'^. This completes the 
proof. □ 

Let us now fix /cik, /^jj^, Vdk, K^k' ^'^'^ o'cik, fcik as in Lemma 16.21 with the additional conditions 

We denote by "iif the inverse of and define {rt, 9t) — {rt, Ot){r, 9, p, tj) by 
^tir,0,p,rj) = irt,et,p,v) e r^Ki^, Kik, 4k, ^cik): 

if {r,9,p,r]) G r='=(i?cik, V^ik, -^cik, crdk) and < ±t < ti. Here ti, i?oik and i?^]^ are those given by 
Lemma [ 



Proposition 6.3. For all R:^ > Rdk, there exists ^cik > such that 

^o{t, r, 0, p, ?/) := rtp + Ofri + tp{rt, 6t,p, ??), 
solves i6.3\) on r^(i?3, V3, /a, (73) for < ±t < tdk, and such that 

{T,^{t,r,d,p,ri) " rp - e ■ r])o<±t<t,n, is bounded in 6hyp (r='=(i?3, V3, la, 0-3)) . (6.16) 
Proof. That Sj^ solves the eikonal equation is standard so we only have to show (|6.16p . Since 

r, d,p,7j)^rp + e-r^+ [n - r)p + e^{0t - 0) ■ e-'rj + te-2(-*--)q(r-,, 0,, e-^rj), 
(|6.16p would follow from the following estimates 

IKyP^'i^^ - + \Kp' (^'■(^^ - ^)) I ^ ^^"'='3, (6.17) 
for < ±t < i^eik and (r, 0, p, rj) G r^(i?3, V3, /s, (T3). The motion equations yield 

t 



r*^r+ 2p'ds, 0*^0+ e^'' (a^(^)(r^ ^ , e"'' ?7^)ds, (6.18) 
JO Jo 

so, by Proposition 13. 91 with of Lemma [6.21 and by choosing toik small enough, we see that, for 
< ±t < teik, we have 

~ id„| < 1/2, on ^±(i?^k, Kik, 4k, <ik), 
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where |.| is a matrix norm. Therefore, by differentiating the identity (r*, 9*){rt, 9t, p, rj) — {r, 9) one 
obtains, similarly to Proposition 14. 141 

for < ±t < toik and (r, 9, p, rj) G r^(i?3, V3, /a, (T3). This proves the expected estimates for rt — r. 
The second equation of (|6.18p evaluated at {rt,9t,p,r]) yields 

{9 - 9t) = f e^-<{d^q){rl9le'^*4)ds, (6.20) 
Jo 

where = x''^{rt,9t, p,ri) for x — r,9,r]. Combining (j6.19p and Proposition 13.91 we have, on 

IKp^irt - r)\ + \Di;'/i9t - 9)\ + \Diffirjt - rj)\ < C.^up, < ±t, ±.s < 
from which the estimate of the second term of (|6.17p follows using (|6.20p . □ 

We now solve the transport equations. By ()6.12p . we have to consider the time dependent 
vector field [vf.wf) defined on r='=(i?3, V;3, Is, 0-3), for < ±i < ieik, by 



\dpp){r,9,drY.^,doY.^)\ _ ( 29,Eo± 



(6.21) 



(a„p)(r, 9, a,So±, aeS±); \e-^^{d,,q){r, 9, deY.^), 
he flow, from time s to time t, 
dt<j>t_^, = (i;±(</)t,,),«;±(</)±_.t),0), 0^_^,(r,0,p,77) - (r,^,^,,?). (6.22) 



We then denote by (j)f^t the flow, from time s to time t, of (uj*, , Or»i) namely the solution to 



Lemma 6.4. For all Itr open interval, ati G M and Vtr C M" ^ open subset such that 

Rti- > i?3, Vtr (£ V3, Itr <£ ^3, "1 < CTtr < OS, 

there exists < t2 < toik small enough such that: 

(f't-^t ^s^^ defined on r*(i?tr, Vtr, /tr, Ctr), for all < ±s < ^2, < ±t < t2, (6.23) 

anrf 

^jafe;3 {'i>i^t - Id) I < 1, on r±(i?tr, ^t^tr, /tr, fTtr), /or < ±S, ±t < ^2- (6.24) 

By (|6.23p . we mean in particular that 

0,^t(r±(i?tr,14r,/tr,fTtr)) Cr±(i?3,1^3,/3,fT3), 0<±S,±t<t2. (6.25) 

The estimate ()6.24p can be restated by saying that the components of cj)f^t ~ W are bounded 
families of Shyp (r='=(i?tr, Vtr, Itr-, Ctr)) for < ±s, ±t < t2- 

Proof. For all (5 > small enough, we have 

\r - r'\ + \9-9'\<d and (r, 9, p, 77) e r±(i?tr, Vr, hr, Otr) ^ (r', 9', p, r^) € r±(i?3, V3, /3, (J3I6.26) 
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by Proposition 14.31 Denoting by {rf_^f,9f_^^, p, rf) the components of (t>f_^t, they must be solutions 
of the problem 



•I s 

By (|6.16p . we have 

\{vt,wt)\ + \dr,e{vt,w^)\<C, (6.27) 
on r='=(i?3, V3, /a, (T3), for < ±t < t^k- Therefore, the sequence u^{t) = u^{t, s, r, 9, p, if) defined 

by 

4(s) = (r,0), «±+i(i) = ir,0)+ J^ivt,wt){u^{T),p,r,)dT, 

is a Cauchy sequence in C''([0,±t2],R") for all {r,9,p,T]) £ r='=(i?tr, Vtr, -^tr, crtr) and < ±s < ^2, 
for some t2 small enough independent of {r,6,p,ri). Indeed, using ()6.26p and choosing t2 small 
enough so that J2k>oi^^^)^^^ < (5, a standard induction using (|6.27p shows that 



\4+lit)^<it)\<iCt2) 



fc+1 



which makes the sequence well defined and convergent. This proves ()6.23p . We then obtain (16.24p 
by induction by differentiating the equations in ()6.22p . This proof is completely similar to the one 
of the estimate (|4.73p in Proposition [42Q] (and much simpler for it is local in time) so we omit the 
details. □ 

In the next proposition, we denote by qf^ = q^{r,9, p,?]) the hmction defined on [0,±tcik] x 
r±(i?,T/,/,a) by 

which is involved in (|6.12p . 

Proposition 6.5. Choose Rtr,VtT, hi o-nd Ctr such that 

i?2 > i?tr > i?3, V2 <£ Vtr ^3, h <S ^tr ^3, ^2 < dtr < CTg 

Then, there exists tn > small enough such that, for all satisfying i6.1\) . the functions 

a±,...,a± : [0,±ttr] x R^" ^ c, 

defined iteratively by 

and ^ ^ 

4 W ■■=- i{P.at_^Ksi,cl)t,Jexp ^ qt^oc^t_^^Js2^ dsi, 1 < k < N, 

on r^(-R2, ^2, /2, cr2) o,nd by outside are smooth and solve i6.13]) and ^K7^. Furthermore, for 
allO<k<N, 

(Ofc (i))o<±t<tt, is bounded in Shyp {T'^{R2,V2, h, (^2)) ■ (6.28) 
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Proof. Let us fix R[j., V^',., and cr^j. such that 

i?2 > K > i?tr, V2 (E Kr <E ^tr, h <£ I't, <E ^tr , Cf2 < <j[, < (Ttr- 

By choosing < tn < ^2 small enough, we then have, for all < ±s, ±t < ttr, 

(/.t,t(r±(i?l,yi,/l,(Tl)) C r±(i?2,y2,/2,'T2), (6.29) 

0t.t(r±(i?2,T^2,/2,^2)) c r±(i?;„v;;,4,<.), (e.so) 

</)t.t(r±(i?;„Kr,4,^;)) C r±(i?tr,14r,/tr,'Ttr). (6.31) 

This follows from Proposition 14.31 and the fact that \(f>t-^s — Id| < |t ~ s|, which comes from 
the integration of ()6.22p between s and t, using ()6.24p . By Lemma [131 the flow is well defined on 
r='=(i?tr, Vti, /tr, Ctr), therefore the condition (|6.31|1 ensures that we have the pseudo-group property 

0^t„ ° (bf_^t = < ±s, ±t, ±u < itr, (6.32) 

on r='=(i?jj., V^j., cr^j.). In particular, o = Id on this set. Therefore, by (|6.30p . we have 

r±(i?2, V2, /2, (T2) c (r±(i?;„ y;, 4, ^;)) • 

This implies that the map 

{t, r, 9, p, 1]) ^ {t, (l)f_^t(.r, 0, p, 7]j) 

is a diffeomorphism from (0, ±ttr) x ^^{R'tr: K'n A'n '^tr) onto its range and that this range contains 
(0, ±itr) X r='=(_R2, V2, /2, 172). Restricted to the latter set, the inverse is given by (t,(j)f__^^) which 
shows that is smooth with respect to t. Furthermore, by differentiating in t the relation 

o if)f_^f = Id, one obtains 

+ (a.,e0^tj • [vf.wf) = 0, on r±(i?2,1^2,/2,a2), 

for < ±t < itr. Using this relation, one easily checks that solves (|6.13p on r^(i?2, V2, /2, 172). 
In addition, if 

(r, 0, p, ry) G r±«, F/n 4, ^^r) \ r±(i?2, V2, /2, ^2), 

we have (/)f_^Q{r,0, p,r]) ^ supp(x^) otherwise {r,0,p,ri) e r='=(i?2, V2, /2, cr2) by ()6.ip . (|6.29p and 
()6.32p . This shows that, extended by outside r^(i?2, V2, /2, 0-2), a J is smooth. The property 
(|6.28p for fc = is then a direct consequence of (16. 24^ . We note in passing that we have 

supp(aj(t)) c 0^_,t(supp(x=^)). 

The proof for the higher order terms a^, fc > 1, is then obtained similarly by induction using that 
supp(Fta^_^(si)) C 0^_^^^(supp(x=^)) for all si. □ 

Proof of Theorem 16.11 It remains to prove (|6.4p . to globalize S^, to prove ()6.5p and the bound 
(|6.9p . By Proposition 14.21 we can choose 

e 5hyp(r±(i?3,1^3,/3,tT3)) such that X?-.3 = l On r±(i?2,V2,/2,CT2). 

We set 

j:^{t,r,e,p,T]) :=^rp + 9 ■ V + xf-^3{r,0,p,T]) x (Ej(t, r, 6*, p, 77) -rp-O -rj) . 
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It coincides with on [0, ±<oik] x r^(i?2, V2, /2, 172) so it is a solution to the eikonal equation on 
[0,±twKB] X r^(_R2, V2, /2, 172), for any < twKB < ^cik- Furthermore, (|6.16p imphes (|6.5p and, 
by using 

E^it,r,9,p,r,)=rp + 9-r,+ f p{r,9,dr^^{s),de^Us))ds, (6.33) 

we get ()6.4p since ()6.16p and ()6.33p itself show that the components of {dr^^{s) — p, de^^{s) — r/) 
are 0(s) in ehyp(r±(ii'3, V3, /a, ^ts))- 

To prove (j6.9p . we use the Kuranishi trick which is as follows. By the Taylor formula, we can 
write 

r, 0, p, ry) - r' , 9', p, v) ^ {r - r')p^{t, r, 9, r\ 9', p, 7/) + {9- 9') ■ t{t, r, 9, r', 0', p, r;). 

Using again (|6.33p and (|6.16p . we obtain 

\did^di,df,d';d^^ {{p^,t){t,r,9,r' ,9' ,p,i^) ~ {p,7^)) \ < C,^,,^,kM. (6-34) 

for (r, 9, r',9', p, 77 e M^") and < ±t < tcik- The latter imphes that, for aU < ±t < twKB small 
enough and all {r,9,r' ,9') e R^", the map 

is a diffeomorphism from K" onto itself. Furthermore, proceeding similarly to the proof of (j4.55p 
in Lemma [4.171 we see that its inverse (p, fj) 1-^ (p^, 77^) satisfies 

\did^di:d^:d'^dl ((p±, 77±)(t, r, 9, r',9', p, f,) ~ (p, f,)) I < C,^,.^.k0, (6.35) 

on M'^", uniformly with respect to < ±i < iwKB- Thus, for any bounded family (a^(i))o<±t<twKB 
in 5hyp(r±(i?2, V^2,/2,cr2)), the kernel of J-^^^ (t,a±(t)) J,f (t,a±(t))*, which reads 

(2,,o-"/«^<-*<'■**-*'•••'••'->V-(^,..,.,,)«*(^,/,«^ (6,36) 

can be written 

(27r/i)-" j ei(('-'-')p+(9-»')-'?))B(i, r, 61, /, 9', p, 7))dpd7y, (6.37) 

with B{t, .) bounded in C^(R'^") as < ±i < twKB- By the Calderon-Vaillancourt Theorem we 
obtain the uniform boundedness of the operator given by (|6.37p hence 

||J'±(t,a±(t))||i2(R„)^i2(R„) <C, 0<±t<%KB, /ie(0,l], 

where C depends only a finite number of semi-norms of a^{t) in C^(R^"). Using (|6.10p . (|6.1ip 
(with a^{t) solutions to the transport equations) and ()6.28p . the bound above yields ()6.9p which 
completes the proof of Theorem 16.11 □ 

6.2 Proof of Proposition I^TMl 

To prove Proposition 12.241 we first need a version of the semi-classical Egorov Theorem in the 
asymptotically hyperbolic setting. 

As in the previous subsection, l is fixed and we drop the subscript l from most notations. In 
particular p — and = (r*, 6'*, p*, 7;*) denotes the Hamiltonian flow of p studied in subsection 

Fix V (E V)' an open subset, / d (0, +00) an open interval and — 1 < cr < 1. 
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Theorem 6.6. If R > is large enough the following holds: for all T > 0, all N > and all 

ae5hyp(r±(i?,l/,/,(T)), (6.38) 

we can find 

ao(i), . . . , aNit) £ 5hyp (supp(a))) , < ±t < T, (6.39) 

such that, 

N 



Q,,(a)e^ 



k=0 



< CN.T.ah 



N+l 



(6.40) 



L'^{M,dG)^L'^{M.dG) 



for alio <±t<T and allO < h<l. 



This theorem is basically well known. Here the main point is to check ()6.39p . namely that 
ao{t), . . . ,aN{t) e Bhyp (<&* (supp(a))). Notice that, by Corollarv l3.10l $* (supp(a)) is contained in 
the same chart as a in which it is therefore sufficient to work. 

Using the group property, it is sufficient to prove the result when T is small enough (depending 
only on V,I,a). To check this point, we choose open sets Vi,V2 such that V Vi V2 <£ V[. 
Then for some C > and all R large enough 



$*(r±(i?,y,/,a)) cr±(i?-c,yi,/,a), ±i>o. 



and 



$*(r±(i?-c,yi,/,(T)) cr±(i? -2C,i/2,/,fT), ±i>o. 

This follows from Corollarv l3.f 01 and the fact that p* can be assumed to be non decreasing, using 
([X^ . Thus, it is sufficient to prove ()6.40p for Q < ±t < e with e > small enough independent 
of a e iShyp (r^(i? — C, Vi, /, cr)). Indeed if this holds, it holds for a satisfying ()6.38p and 



N 



3,(a)e^ 



fc=0 



with R]sr{h,e) uniformly bounded on L'^{M,dG) and ak{e) € Shyp(T'^{R~ C,Vi, I , a)), with afe(e) 
supported in (supp(a)) more precisely. Conjugating the expression above by e~'^^^^ and then 
applying the same result with ak{£) instead of a we can write 



N 



i2ehP 



Op,{a)e 



-2iehP 



h''Q,Mk{2e)) + h^+^RN{K 2e), 



fe=0 



where ak{'2,s) is supported in ^^'^ (supp(a)) which is still contained in Tf{R — C, Vi,I, cr) and thus 
allows to iterate the procedure. 

The interest of considering small times is justified by the following lemma. 



Lemma 6.7. Fix Vi,I ,a as above, then for some Ri > large enough and e > small enough, 

<C,o,kp on $*(r±(i?i,l/i,/,a)). 



^^yp" -Id2n) 



for all < ±i < £. 
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Proof. Using the identity 



"'0 



and Proposition EH we have - Id2„) | < \t\ hence < 1 on rf{Ri,Vi,I,a) if i?i is 

large enough and t is small enough. We then obtain the result by applying I^^yp^ *° ^* ° ('i'*)"^ 
and using the Faa Di Bruno formula. For instance, if j = fc = |q:| = and = 1, we have 

d$f(^.)-ie'-a^ - Id2„) = (Id2„ - d$f(^.)-0e'^5^Id2„ 



where, using Proposition 13.91 the right hand side is bounded for this is simply e'^d^ (Id2ri — 
evaluated at ($*)^^. Higher order derivatives are studied similarly by iteration using Lemma 13.61 
□ 

Naturally, ($*)^^ is the reverse Hamiltonian flow, namely flowing $* {Tf{Ri, Vi,I, a)) back to 
Tf(Ri, Vi, /, a). More precisely, for 0<±t<e, 

j^{^'T\r, 9, p, 77) = -Hp {{^')-\r, 9, p, 77)) , (r, 9, p, r,) e (r±(i?i, Fi, /, a)) . (6.41) 

We prefer to keep the notation (<i>')~^ on $*(r^(i?i, Vi,I, a)) rather than using since we have 
only studied $* for t > on outgoing areas and t < on incoming areas. 

We have essentially all the necessary tools to solve the transport equations considered in the 
following lemma. 

Lemma 6.8. There exists C > such that, for all R large enough, the following holds: for all 
flini e 5hyp (r^(i?, V, I, a)) and 

(/(i))o<±t<£ a bounded family of Shyp {Tf{R - C, Vi,I, a)) , 

smooth with respect to t and such that 

supp(/(t)) C $*(supp(aini)), 

the function defined for < ±t < e by 



ait) := 

is smooth and satisfies 



flini o (<i>*)"^ + /J /(s) o o {^*)-^ds on $* (supp(a)) , 
outside. 



dta{t) + {p, a{t)} = fit), a(0) = ai„i. (6.42) 

Furthermore 

{a{t))o<±t<e is bounded in Shyp {Tf{R — C,Vi,I,a)) . (6.43) 

In (|6.43p . we consider r^(i? — C, Vi,I, a) for it is independent of t but, by construction, a{t) is 
supported in the smaller region <i>*(supp(a)). 

Proof. To check the smoothness of ao{t) it is sufficient to see that ai„i o ($*)^i and f{s) o (<i)*^*)~i 
are defined and smooth in a neighborhood of <i>* (supp(a)) where they vanish on the complement 
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of <&* (supp(a)). Indeed (<i>*)~i is defined on $* {rf{R~ C,Vi,I,(t)) and if {r,6,p,ri) belongs to 
{rf{R-C,Vi,I,a)) but doesn't belong to (supp(a)), then adrc o 6*, p, 77) = other- 

wise, {<^*')~^{r,9, p.-q) should belong to supp(a) and thus {r,6,p,ri) should belong to $*(supp(a)). 
Similarly /J /(s) o o (<i>*)~^(r, 6, p, ri)ds must vanish otherwise there would be an s between 
and t such that $^ o (<i>*)~^(r, 0, p, 77) g <i>*(supp(a)) implying that (r, 0, p, 77) e $*(supp(a)). Then 
(|6.42p follows directly from (|6.4ip and (|6.43p follows from Lemma [^771 □ 

Proof of Theorem 16.61 By Lemma 16.81 the solutions of the transport equations (|6.42p belongs 
to 5hyp {Tf{R — C, Vi,I, a)). The proof is then standard (see for instance 23]). □ 

Proof of Proposition [2T241 We start by choosing e > and S > according to Proposition 14. 101 
with t = <wKB- Then, using (|2.26p . (|2.37p . (|2.38p and Theorem 16.61 it is straightforward that, for 
all T > twKB and all N >0, 

ll^.(&Mntcr)e-^*'''^.(&ti„tcr)1lL=(5G)-,L^(5G) < Ct^LnH'', h G (0, 1], %KB < ±t < T. 

It is therefore sufficient to show the existence of T large enough such that, 

ll^.(&z1„ter)e-"''^$,XfcM„te.)1lL.(,'G)^L^(<iG) < ^l^Nh", h E {0, 1], T < ±t < 2h-\ (6.44) 

For simplicity we consider positive times and set B — Op^{h^-^^^^^). For T to be chosen, we write 
As above, we may write 

B{Tr = h'dpMiT)) + h''+'B^{h) 

k<N 

with B^ih) uniformly bounded on L^{M,dG) and 

bUT) e 5hyp (supp(6+ „,„,))) c 5hyp (r+„,,,(6,<5;0)) • 
By Proposition l4.6[ for all e > 0, we can choose Tg large enough such that 

(r+ntcr(^,'5;0) cr+(e~^). 

Thus, if e is small enough, Theorem 15.11 allows to write, for i > Tg, 

e-^^'-^^^'^popMm) = *r (j+(a,(/i))e-*(*-^^)''^'V+(6,(/.))*) {^:'r + h''R^{t,h), 

with RN{t, h) uniformly bounded on L^{M,dG) for h G (0, 1] and < t - < 2h-^, and 

d,{h) e 5hyp (r+,(?)) . 

We will therefore get (|6.44p with T = if we choose e small enough such that, for all N, 
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By the standard composition rule between pseudo-difFerential and Fourier integral operators (see 
[25]). b^i^^^^{r,9,hDr,hDg)J^{ai{h)) is the sum of an operator with norm of order and of 
Fourier integral operators with amplitudes vanishing outside the support of 

^ztintor(^' ^' drS+,deS+)di{r, 9, p, 77, h), 

where 5+ = S+{r, 0, p, rf) is the phase defined in Proposition 13331 It is therefore sufRcient to show 
that, for e small enough, the support of the amplitude above is empty. Indeed, on this support we 
have 

Furthermore, by Proposition 14.151 we also have 

\drS+-r\ + \deS+-7^\<e^, 

on r+^(e) where ai{h) is supported. Since p is bounded from above and from below on r+j(e), we 
obtain that, for all e small enough, 



Pir,d,P,vy 

which is clearly incompatible with the second condition of (|6.45p . □ 



7 Dispersion estimates 

In this section, we prove Propositions 12.201 and I2.22( using respectively the parametrices given in 
Theorems 15. II and 16. II For simplicity, we drop the index l from the notation. 

7.1 Stationary and non stationary phase estimates 

The dispersion estimates will basically follow from the Stationary Phase Theorem in the WKB 
or the Isozaki-Kitada parametrices. In both cases, we have to consider oscillatory integrals of the 
form 

(2^/1)-" y J e^**(*^'-'*''-''*'^''''')A±(t,r,0,r',0',p,77)dpdr/. (7.1) 

For the Isozaki-Kitada parametrix, the amplitude is independent of t and of the form 
Af^it, r, 9, r\e', p, 77) = a±(r, 9, p, 7^)b±{r' ,9' , p,i^), 

with 

a± e 5hyp (r± (e)) , 6± G 5hyp (r,± (e^)) , (7.2) 

with e > small to be fixed. The phase reads 

$± (i, r, 9, r',9', p, ?;) = 5±^,(r, 9, p, 77) - tp^ - 5±..(r', 9', p, r,), 

where S'±_c is defined in Proposition 14. 161 We recall that it coincides with S± on r^(e) (hence on 
r^(e'^) too), where S± is given by Proposition 14.151 We can therefore freely replace S±,e by S±, 
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or more generally by any other continuation of S± outside r^(e). Here we have < ±t < 2/i ^. 
The integral (|7.ip is well defined for (r, 9, r' , 9') E M^" but, using (|7.2p . we can assume that 

r>e-\ 9eV^, r'>e-^, 9'eV^3. (7.3) 

The first purpose of this section is to prove that, if e is small enough, we can use stationary phase 
estimates. 

The second purpose is to show a similar result for the WKB parametrix, using ^wkb as small 
parameter (see Theorem 16. ip . In this case, we have to consider 

^wkb(*' ^'^ V) = a^it, r, 9, p, i]), 

where, for V2 d Vt(t^t)) ^2 (0, +00), (T2 G (—1, 1), some i?2 > large enough and some twKB > 0, 
we have 

(a^(i))o<±t<twKB bounded in 5hyp (r='=(i?2,y2,-f2, 0-2)) . (7.4) 
In particular, we can assume that 

r > i?2, 9& V2. (7.5) 

The phase is of the form 

$± kb(^: r, 9, r',9', p, 77) = E±(t, r, 9, p, 77) - r' p - 9' ■ r^, (7.6) 

and we refer to Theorem 16.11 for more details. We only recall here that the phase is defined 
on [0, ibiwKB] X M^" and solves the eikonal equation (|6.3p on [0, ±twKB] x r''^(^3, V3, 13, 0-3), with 
r='=(i?2 5 ^2, -^2, 0-2) C r='=(i?3, V3, /3, (73). Here again, the condition (|7.4p implies that we can freely 
modify outside r±(i?2, 1^2, ^2, ^2). 

Below, we will use the notation (resp. A^) either for <I>^ or 'I'^kb (resp. or ^^kb)' 
as long as a single analysis for both cases will be possible. For convenience we also define 



0<±t< T{h) 



{2h ^ for Isozaki-Kitada, 
%KB for WKB 

In the next lemma, we summarize the basic properties of A^ and needed to get a first non 
stationary phase result. For simphcity, we set d'^ = d-i.dgd^,dg, dpd^. 

Lemma 7.1. In each case, for all \^\ > 0, the amplitude satisfies 

\d^A^{t,r,9,r\9',p,r^)\<C^, (7.7) 

for all 

{r,9,r',9',p,r]) eM.^'\ h e (0,1], 0<±t<T{h), (7.8) 
and we may assume that the phase satisfies, 

19'^ ($±(t, r, 9, r', 9', p, r?) - (r - r')p - {9 - 9') ■ r]) \ < C^{t), (7.9) 
under the condition ^7.8^ too. In particular, for all I7I > 1, 

\d''dp^^{t,r,9,r',9',p,Tj)\ < C,{t), (7.10) 

under the condition |7.^p . 
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Proof. If = A^^, (fTT]) follows easily from Definition [121 (ES), and the time independence 
of A^. If = A^j^g, (|7.7p is a direct consequence of (|7.4p . For the phase, Proposition 14.161 
(resp. Lemma 173)) show that <I>j^ - {r - r')p - {9 - 9') ■ t] (resp. <i>wKB ~ ~ - - 6*') • v) 
is the sum of a function / € C^(M'^") and —tp^ (resp. -~tp{r,9, p,ri)). Since the amplitude 
is compactly supported with respect to p and p{r,9, p,r]), we may replace "I>j^ (resp $wkb) 
{r-r')p-{9-9')-i] + f~ tp^xi (p) (resp. hy {r -r')p- {9 - 9') -7] + f - tp{r, 9, p, ri)xi (p(r, 9, p,r]))) 
for some xi € C(5"(R). This implies (17. 9p and completes the proof. □ 

Let us choose now xi G C'(j"(— 1, 1),X2 G C5"(M"^^), both equal to 1 near and define, for any 

Ci,C2 > 0, 

We denote by E^{t,h) the operator with Schwartz kernel ()7.ip and by E^^^^^{t,h) the operator 
with Schwartz kernel 

(2^/1)-" / / et**(*''-.«.'-'.«'-P'")A± ^^(t,r,0,r',0',p,,y)dpdry, (7.11) 



for h e (0, 1] and < ±t < T{h). 

Proposition 7.2 (Semi-classical finite speed of propagation). For all ci,C2 > and all N > 0, 

we have 

\\E^{t,h)~Et,^,,it,h)\\L2(^^,.^_^LHR-)<CN,A,'f.c^,c,h^, he (0,1], 0<±t<T{h). (7.12) 

In addition, if Ci is small enough, there exists C >0, independent of ±t G [0,T(h)] and of C2 > 0, 
such that 

r'-r<C, (7.13) 

on the support of A^^ . 

Proof The kernel of E^ {t,h)- Ef^ ^^^{t, h) is an oscillatory integral similar to (I7.11|) with amplitude 

^-<.^0-.(|i^)).(^)^^.0-.(^)).^. 

On the support of the second term of the right hand side, we integrate by part M times with 

Here we note that all derivatives of i9^$^/|9^<I>* p are bounded since t is bounded in the WKB 
case and since d^d,^^^ is independent of t and bounded for |7| > 1. On the support of the first 
term, we integrate by part M times with 

-On 



Using ()7.10p . we have, on the support of the first term, \d'' {l/dp^^)\ < 1, for all 7. Thus, using 
also (|7.7|) . we end up in both cases with an integral of the form 



gt*±(t,r,9,r.',e',p,c)^±(^^ r, 9, r',9', p, ^dpd^ 
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with B^{t,.) bounded in Cb°°(K^"), for < ±t < T{h). We then interpret this integral as the 
kernel of a pseudo-differential operator with symbol ft,^^ exp{i(<i>='= ~ ^ i'')p ^ ^ ' 'n)lh}B^ 
(in the spirit of Lemma [5^ . By the Calderon-Vaillancourt Theorem and (|7.9p . its operator norm 
is of order h'^ {{t) / h)'^° , for some universal uq (depending only on n). We therefore get (|7.12p by 
choosing M = N + 2no . 

To prove the second statement, we consider separately the two cases. For the WKB parametrix, 
t is bounded. Thus, by (|7.9p . dp^^^^ ^ (^ ^ is bounded and since l^p^^j^gl < ci(i), on the 
support of ^wKB ci C2' ~ ^' must be bounded too. For the Isozaki-Kitada parametrix, as long 
as t belongs to a bounded set the same argument holds. We may therefore assume that zLt > T 
with T > a fixed large constant. We then exploit two facts: first, for some c > 0, we have 
c <±p < and tp>0 on the support of A^^. Second, := <i>f^ - (r - r')p - {9 - 9') ■ rj + tp^ 
is independent of t and bounded, together with all its derivatives on the support of A^. Then 

dp^^^ = r-r' -2tp + dpf^, 

hence, on the support of xi{dp^^/ci{t)), we have 

r-r'> -ci{t) +2tp-dpf^. 

If ci is small enough and T large enough, we have 2tp — c\ (t) > for t > T and this completes the 
proof. □ 

Remark. It is clear from the proof that the constant C in ()7.13p is uniform to e > small in the 
Isozaki-Kitada case (recall that the amplitudes depend respectively on t and e for the WKB and 
the IK parametrices) . 

From now on, we fix ci > small enough such that (|7.13p holds. 



Proposition 7.3 (Dispersion estimate for times < h). For all C2 > 0, we have 

l|e"''"''^^lc.(^,/i)e"^"1lLMK")-i-(R") < CA^'^,cJhtr'/\ < ±t < mm{T{h),h), 

where we recall that — [n — l)/2. 

Note that the condition zLt < mm{T{h), h) is essentially the condition ±.t < h. We have put it 
under this form to only because of those h such that h > twKB • The latter will not modify the rest 
of the analysis. Furthermore, such h correspond to bounded frequencies and their contribution to 
the Strichartz estimates can be treated by Sobolev embeddings. 

Proof. In the Isozaki-Kitada case, both e^^ V ~ ^ ^^id e^^rj are supported in a compact set. In the 
WKB one, e~^r] is compactly supported but, using (I7.13p . this also implies that rj is compactly 
supported. Therefore, in both cases, the change of variable e"*" ?7 = ^ shows that the kernel of 
i?^ C2 ^) is an integral of the form 

/j-ng(„-i)r' J ^i-f^(t,r,ey,e',p,e-'(,)B^{t, 9, r', 9', p, i)dpd£„ 

with bounded on [0, ±T(/i)] x R'^" and supported in a region where \p\ + \£\ < 1. The kernel 
of e~^'^^Ef-_^ C2W^~'^"^ is then simply obtained by multiplying the above integral by e"^"'-''^'' so 
its modulus is controlled by 

/j-"g7.(r'-r) < |;,^|-«/2^ 
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using (|7.13p and the fact that < ±t < h. This completes the proof. □ 

To prove the dispersion estimates for h < ±t < T{h) we need to analyze more precisely the 
phases. 

In the following lemma and its proof, we shall use the notation (|3.4|) . 



Lemma 7.4. For all e > small enough (fixed), we can find a family of real valued functions 
(V^f Jo<£«i such that, 

ip%, = ip± = ip±^, onVtie), (7.14) 

e 5hyp (r,(g)) , (7.15) 

and, if we set 

i?±,,(r, e, p, r,) = ^%^{r, 9, p, ^) - M^^!^, 
the following holds for j + \a\ < 1: if k + \ j3\ < 2 

sup \{e'^dr,fdid^dlR±Ar,0,p,Ti)\<Ce^/^, (7.16) 

(r,e,,7)eR2>«-i , 
±pe[i/4,4] 

and if k + \(3\ > 3, 

sup \{e'd^fdid^d^p R±Ar,e,p,7j)\ < C.j^kfS, 

{r-,e,r,)eK2n-l, 
±pe[l/4,4] 

where t, the decay rate in H.8\) . satisfies 

Proof. Using (|07)) . (11351) and Taylor's formula, we can write 

^±(r, 9, p, 77) = / e-^'Pq{r + 2tp, 9, e--r,)dt + ^ a^(r, 0, p, 77)(e"'^??)^ 

l7l=3 

with a-y g Shyp(r^(eo)) for some fixed eo > 0. Therefore, 
qo{9,e-^i^) 



Ap 



/ e-^*Pqi{r + 2tp, 9, e-''7^)dt + V a^(r, 9, p, v)ie-"vV, (7-17) 

Jo II, 



l7l=3 



with qi satisfying (|3.6p . Denote by R{r,9, p,ri) the right hand side of (|7.17p and choose xi G 
Cq°(]R),X2 G C(j"(IR"~^) both equal to 1 near 0. For some e > to be fixed below, we also choose 
Xg such that 

Xf e 5hyp (r± (e~) ) , xf ^ 1 on Vf (e~^ ) , 

using Proposition 14.21 (we don't need Proposition 14.71 here, since e'^ will be fixed). We then claim 
that, if e is small enough (and fixed) and e with e' is small enough too, the function 

^l,{r, 9, p, ri) := l^^lllZA + Q, p, 7j)xf{r, 9, p, 7^)x2{e-'-v/e'/'Kl - Xi){e'^'r), 

satisfies (|7.14p . (|7.15l) and (|7.16p . Indeed, by choosing e small enough, we have ±p « 1 on the 
support of xf so the integral in (|7.17p is exponentially convergent. Furthermore, since 
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for all 7, and using the fact that, if tp > and r > 0, 

\{e^d,fdi.d^d'^qi{r + tp,e,e-^r^)\ < C\t\\r)-^ \e-^7j\^-W , 

we get the estimate ()7.16p . Finally, since e'^\ri\ < e and r > e on r^(e), we have (|7.14|1 for all e 
small enough. The property (|7.15p is clear thanks to xf- D 

In the following lemma, we use the notation of Theorem 16.11 
Lemma 7.5. We can find a family of real valued functions (I]^(i))o<±t<t„KB such that 

E±(t)=E±(t) 0«r±(i?2,V2,/2,tT2), (7.18) 

and, for all k, (3, 

sup I {e^d^fdl {t,r,e,p,i^)-rp-e-ij-tp{r,e,p,T^))\<Ckpt\ (7.19) 

Proof. Using the function X2^-^3 of Theorem 16.11 the result is straightforward by considering 

P, V) = xf-.si'^' V) i^ait' r, 6, p,j]) ~ rp - 9 ■ i] - tp{r, 9, p, r/)) + 
rp + 9 ■ rj + tp{r, 9, p, rj), 

and using ()6.4I1 . □ 



Let us remark that satisfies (16.51) whereas E^ does not. This was the reason for considering 
first, since the property (|6.5p is convenient to prove bounds for Fourier integral operators. 

The estimates (j7.16p and (|7.19p show that we have good asymptotics for the phases in certain 
regimes, namely e —^ for the Isozaki-Kitada parametrix and t —* for the WKB parametrix. 
Using Lemma [7.41 (resp. Lemma [7.5p . we replace ip±^e (resp. E='=) by (p^^ ^ (resp. by E^) in the 
expression of <i>f^ (resp. ^wkb)- 

To use a single formalism for both cases, we introduce the parameter 



for the Isozaki-Kitada parametrix 

WKB 



^WKB WKB parametrix 



where i\vKB > ^'^^^ denote the size of the time interval where t will be allowed to live. Using the 
change of variable ^ = e~^ rj and factorizing by t in the phase, the integral (j7.1ip can be written 



where h € (0, 1] 



and 



^tjy,P,0 = j^^{t,r,9,r\9\p,e^'0, (7.20) 
Af^,,,,^Jy,p,0 = Ac,,cAt,r,9,r',9',p,e^'0, (7.21) 

y^{h,t,r,9,r',9'), (7.22) 
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with r, r' satisfying (|7.13p and 

0<±t<T{h, Ast) : 
The kernel of e'^"'' E^^^^^{t, h)e-^^'' then reads 



2h ^ for the Isozaki-Kitada parametrix 
*WKB for the WKB parametrix 



Proposition 7.6 (Non stationary phase). There exists C" > smc/i f/iai the condition 

61-61' 



t 



(7.23) 



imply that for all C2 > 0, all N > and all < Agt ^ 1, we can find Cca. 7V,Aat such that, for all 

he (0,1], ±te[h,T{h,Xst)], uj>l, (r,0,r',0') GK'", 
with r, r' satisfying \7.1S^ , we have 



Proo/. For t ^ 0, we define := + e'''^ • ^ for which 



free 



t 

r — r' 



We then start with the case of $wkb- Lemma [7.51 and (|7.13p . ^p^i^Kt ~ <&f°°) is a function 
of (t,r,6,r' , p,^) which is bounded on the support of the amphtude, as well as all its derivatives 
in p, ^, uniformly with respect to (i, r, 6, r'). Therefore, if C" is large enough, we have 



(7.24) 



and the result follows from standard integrations by parts. Note that, here, we have not used 
the smallness of Ast (ie of t). We shall use it for the case of which we now consider. Since 
±p G [1/4,4] on the support of the amplitude if e = Ast is small enough. Lemma [7.41 and Taylor's 
formula imply that 







r ~ r' 




9-6' 




> 






t 


t 



Vp,c($A..-$r) = (-2p,0)+Vp,5 



go(g,e'-'-'-0-go(g',0 
tp 



where e^{y,p,S^) and all its derivatives in p, ^ go to as e — > 0, uniformly with respect to y (see 



with r, r' satisfying (|7T^ and (±p, e [1/4, 4] x R" 
fact that 1^1 < €^ on the support of the amplitude, we have 



Furthermore, using (|7.13p and the 



tp 



< .3 
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thus, using that r' > on the support of the ampHtude, we have (|7.24p if e is small enough. In 
addition, for all k + \f3\ > 2, we also have 



< 



on the support of the amplitude, using (fTTSl) . The result then follows again from integrations by 
parts. 



□ 



We next state a convenient form of the Stationary Phase Theorem with parameters. 
Proposition 7.7 (Stationary Phase Theorem). Let fl be a set and f be a function 

/:M"xr!9(x,2/)^/(x,2/)eM 
smooth with respect to x, such that : 

Hess,[/](a;,y) = S{v)+R{x,y), {x,v) G M" x n, 
with S{y) a symmetric nan singular matrix such that 

\Siy)-'\<l, yen, 

and R{x, y) a symmetric matrix such that 

\\S{y)-^R{x,y)\\<\/2 (.t, e M" x f!. 



(7.25) 



(7.26) 



(7.27) 



where \ \ • \ \ is the Euclidean matrix norm. Then there exists N > such that, for all K (1 
there exists Ck > satisfying 



u{x)dx 



< sup ||a"?/|Uo.(^) sup fsup|9"/(x,2/)| + l) 

a|<Af 2<|Q|<Af \xeK J 



N 



for all y E il, all u £ C^{K) and all u > 1. 

Proof. It is a simple adaptation of the proof of Theorem 7.7.5 in [T^]. We give a proof in Appendix 
|B]for completeness. □ 

For the WKB parametrix, we shall use this proposition fairly directly by considering 



"WKB 



(^wkb) = {h,t,r,6,r',6') | /iG (0,1], 



<C', h<±t<t%^^ 



Notice that, since t^^B bounded (it will be chosen small enough), 
f^WKB (^wkb)- 



is bounded on 



Proposition 7.8 (Dispersion estimate for the WKB parametrix). Fix C2 > 0. There exists i^KB 
small enough such that, for all y = {h, t, r, 0, r' , 9') e i^wKB (^wkb) ^'^'^ co > 1, we have 



(27r/i)-"e^ 
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Proof. It is a straightforward application of Proposition 17.71 since . using (|7.19p . we have 



Hessp,5[$t: 



2 

Hess^(g) 



Oil: 



St N 

WKBJj 



where the first matrix of the right hand side satisfies (|7.26p by the uniform eUipticity of q. The 
conclusion is then clear since all derivatives, in p, ^, of A^t are bounded, as well as those of 



$jst of order at least 2, on the support of the amplitude. 



□ 

To be in position to use Proposition 17.71 for the Isozaki-Kitada parametrix, we still need two 
lemmas. 

Lemma 7.9 (Sharper localization for IK). Let xo G C'^(R) be equal to 1 near and set 

Xe{y,p)=Xo(e-^/'(2p-^-^^y (7.28) 

Then, for all e > small enough, all N > and all C2 > 0, there exists Cc2,N,e such that, for all 

he [0,1], ±h<t<2h-^, uj>l, 
and all {r,d,r',0') £ R^" satisfying {7.!^ and such that 



+ e' 



<C', 



(7.29) 



we have 



(2^/i)^"e^"('-'-'-) / e^-"' (y^P^^\l-Xe{y.p))Al,,,^,{y,p,Odpdi 



Proof. By the same analysis as in the proof of Proposition 17. 6[ using Lemma [7.41 and (|7.29p . we 
may write 

where, on the support of the amplitude, 



for fc + |/?| > 1. On the other hand, on the support of (1 — Xe{y, p)) we also have, for some c > 0, 



t 



- 2p > ce 



r/4 



-2p< -ce"/^ 



Therefore, if e is small enough, 



\dp'^t{y,P,0\>^^'\ 

on the support of the amplitude and the result follows from integrations by parts in p. 



□ 



Basically, the interest of the localization ()7.30p is to replace l/4p in (|7.16p by 2t/{r — r') up to 
a small error. We implement this idea as follows. By Lemma [7. 9( we can replace Af_^ eiy^P^O 
in ([7:2T|) by 



Xe{y,p)At^^c^^^{y,p,0- 



(7.30) 
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If e is small enough, ±p E [1/4,4] on the support of A^^ ^ hence, for some c > 0, 

c\t\ <r ^r' <c-^\t\, (7.31) 

on the support of (|7.30p . which is stronger than (|7.13p . Furthermore, the condition (|7.29p together 
with (|7.3p imphes that we may assume that \6 — 9'\ < C"e~'^ ^\t\. We fix from now on 

C2 = e. 

Thus, by writing 

a„$± ^9-9' + a^^±(r, 9, p, 7?) - a^^±(r', 9', p, r,), 

with tp± £ ;Bhyp(r'''(e2)), we ha.ve\d,jtp±{r,9, p,r])\ < e^^ and \d,jtp±{r' ,9' , p,ri)\ < e^^ on the 
support of the amplitude. By (|7.3p . we have for instance {drj^^ — {9 — 9')\ < if e is small 
enough. We may therefore assume that 

\9-9'\<C"ef\. (7.32) 

To be set of parameters for the stationary phase theorem, we will thus choose 

nf^{e) = {{h,t,r,9,r',9') \ h e (0,1], ±t e [h,2h-^] and jLSl), (ITTM)) . (TT^TI) . (17:32)1 hold} . 

Before applying Proposition 17. 7[ we still need to modify the phase outside the support of the 
new amplitude (|7.30p . 

Lemma 7.10. We can find 'i'f smooth and real valued such that, on the support of ^7.30^ , 

^f{y,p,0 = ^f{y,P,0, 

and, 

where, for all fc + |/3| < 2, 



sup |(i)l''l/WVe^(2/,p,OI^0, e^O, (7.34) 

(p,5)eR". 

and, \k\ + |/3| > 3, 



sup \d^pdl'^t{v,p,0\<Ce,k,p. (7.35) 

(p,e)eM", 



Proof. We shall basically combine (|7.16p with the fact that 

\2p-{r-r')lt\<e^'\ (7.36) 
on the support of (|7.30p . By Lemma [7.41 the phase reads 

r-r' r', 2 qo{e\0-e'^'''-''ko{e,0 , R±Ar,e,p,e-'O~R±Ar',0\p,e-'O 

— : — : — e c-p 



Apt 
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The last term of this sum satisfies the estimates (|7.34p and (|7.35p : for < ±i < 1, it follows from 
Taylor's formula using (|7.29p and Lemma [7.41 with j + \a\ — 1, and for ±t > 1 it follows from 
Lemma 17.41 with j + |a| = 0. For the term involving qo we write 

1 1 \ f2p-(r-r')/t 

Xi 



Apt 2{r-r') yipt 2(r - r') / V e^^^ 
using (|7.36p with e small enough and xi G C||f'(R"^^) equal to 1 near 0, and 

with X2 G C^(IR"~i) equal to 1 near 0. We obtain the estimates ((73I| and (f7^ for 
using (|7.32p . and for 

using (|7.3ip . In both cases, we can freely multiply the functions by a compactly support cutoff in 
p using that ± « 1 on the support of the amplitude. This completes the proof. □ 

Proposition 7.11 (Bounded times). There exists Cst > such that, for all T > 0, all < e < Est, 
there exists C^^t such that, for all 

he (0,1], h<±t<T, (r, e, r', 9') satisfying (T^, (TJl^ and (71^ , (7.37) 

we have 



(2^/^)-"e'"'('-'-'^) / e^^*^(^^^'«)xe(2/,p)vlc„.,.(y,P,0rfpd^ 



< CtM"'/'^. (7.38) 



Proof. By Lemma [7. 101 we can replace by '^f. We then have 



""^^^-^^""^-[o i^Hess,(,o))+''(^)' 

where o(l) — > as e — > , uniformly with respect to (p, ^ to the parameters satisfying 

(|7.37p . Using the upper bound in (|7.3ip and the boundedness of t, the positive number 

1 _ e2(r'-r) 

2{r-r') 

belongs to a compact subset of (0,oo), yielding the condition ()7.26p . We conclude by applying 
Proposition [731 D 

Notice that, to obtain ()7.38p . we have used the boundedness of e'''"'-'" since |r — r'\ was 
bounded. In principle, the condition (|7.3ip implies that e'''"'-'' decays exponentially in time. We 
shall exploit the latter below. 
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Proposition 7.12 (Large times). There exists T > and e'^^ such that, for all < e < e'^^, the 
exists Ce such that, for all 

he {0,1], T<±t<2h-^, 



{r,6,r',e') satisfying (Op, (7M\ l and fU^ , (7.39) 



we have 



(2^/1) -"e^" J e^i^'^y''''^he{y,p)A,,,eAy,P,Odpd^ 



< C,\ht\ 



-n/2 



Proof. Choose T large enough such that, for t > T and r, r' satisfying (|7.3ip . we have e^^*" < 1 /2. 
To compensate the factor l/(r — r') in (|7.33p (of order l/\t\ by (|7.3ip ). we consider the new variable 
|t|i/2^ = ^. By (17311), if e is small enough, this new phase satisfies the assumptions of Proposition 
17.71 In the corresponding estimate given by Proposition 17.71 derivatives of the new amplitude as 
well as derivatives of the new phase of order at least 3 will grow at most polynomially with respect 
to t. This gives a polynomial growth in t of the coefficient in the stationary phase estimate of 
Proposition [721 but such a growth is controlled by the exponential decay of e''"'-'' < e^"^'*'. This 
completes the proof. □ 



7.2 Proof of Proposition [27201 

By p.38p . up to a remainder of operator norm of size /i" (uniformly in time), we may replace 
OpXafY by a linear combination of operators of the form Qj^(a^) with supp(a^) C supp(a^). We 
next apply Theorem 15. II to order n + 1 and are left with the study of the Fourier integral operator 
part. By Proposition 17.21 the amplitude can be modified so that, up to a remainder of operator 
norm of order /i" uniformly in time, we are left with an operator whose kernel K^{r, 9, r' ,0' , t, h) 
satisfies 

\e-'^^'' K^{r,e,r' ,6' ,t,h)e-^^''' \ < he (0,1], < ±t < 2h. 

Indeed, for t < h, this follows from Proposition 17. 31 and for t > h, from Propositions 17.11) and 17. l"2l 
with u — ±t/h and also from Proposition [721 and Lemma [7.91 with N > n/2. □ 



7.3 Proof of Proposition \m\ 

It is completely similar to the one of Proposition 12.201 by considering times < ±t < i^KB with 
^WKB small enough to be in position to use both Theorem 16. II and Proposition 17.81 □ 



A Control on the range of some difFeomorphisms 

In this section, we prove a proposition implying Lemma 14.131 and ()4.57p in Lemma 14.171 For 
simplicity, we consider the outgoing case only but the symmetric result holds in the incoming one. 
Let us define the following conical subset of T*R" \ 0, 

Ts+conW - {{r,e,p,ri)\r>Rie), eeV._, p>il-e')ip'+q{r,e,e~^7^)f/'], (A.l) 

which is the cone generated by r+(e). 

Proposition A.l. Assume that, for some < e < 1/4, we are given a family of maps (5'*)t>o 
defined on FgLconl^); form 

^\r, 0, p, 77) = (r, e, p\r, 9, p, r;), 77*(r, 0, p, 77)) € R^n^ 
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satisfying, for all r > R{e), 8 e Vg, p > {1 ~ e'^)p^/'^ , t>0 and X> 0, 

{p',rf){r,e,\p,Xv) - X{p^\ri^'){r,e,p,7j), (A.2) 
{p\rf)ir,e,p,0) = (p,0), (A.3) 

and such that, 

(p* — p)t>o o,i^d, (the components of) [rf — v)t>Q bounded in Bhyp{r^ i^)) ■ (A. 4) 

Then, there exists < e < e such that, for all t > and all < e < e, is a difjeomorphism from 
r^(e) onto its range and 

r+(e3) c**(r+(e)), t>0, <£<£-. 

Lemma [4. 131 is indeed a consequence of Proposition [XT] since Proposition (|3.38p and (|4.18p 
show that (|A.2|) . (|A.3|) and (|A.4|) hold with {p\ff ) = {p\rj*)- Similarly, for Lemma liTZl we 
consider 

{(f,rf){r,e,p,ri) := {p^,ri^){r,9,r,0, p,i]) 

which is independent of t and satisfies the assumptions (jA.2p . (|A.3p . (jA.4p by (|4.53p . Proposition 
14.151 and Remark 2 after Proposition 14.151 

To prove the proposition, we need another conical subset of T*R" \ 0: 

fstconW = {{r,e,p,7j)\r>R{e), 9eV,, p>{l-e^){p^ + \r^\Y^^]. 

Using the diffeomorphism -Fkyp defined by (|2.3ip . we have 

^hTvp (fstco„(^)) = {ir,0,p,7^) I r > Rie), OeV,, p>{l- e'){p' + \e-^v\'y^'} ■ (A.5) 

The latter is of interest in view of the following lemma. 

Lemma A.2. There exists C > 1 such that, for all e > small enough, 

rtco„(e/C) C (fteon(e)) C rtcon(Ce). 

Proof. By p.7p . we have, for some < c < 1, 

ce-^H'?!^ < q{r, 6, e-^'ri) < c-^\e-''7]f, r > R{e), 9 e V„ r] e M."-\ 
Using (|2.55p . it suffices to show the existence of C > 1 satisfying, for all e small enough, 

c-i(i _ (e/crr' (1 - (1 - (e/cff) < (1 - (1 - (1 - ^r) , (a.6) 

and 

(1 - e2)-2 (1 - (1 - £2)2) < _ (Ce)2)-2 (1 - (1 - (Ce)2)2) . (A.7) 

For e 0, the left hand side of (|A.6p is equivalent to 2c^^(e/C)^ and the right hand side to 2e2. 
Therefore, (|A.6p holds if c^^/C^ < 1 and e is small enough. We get (|A.7p similarly. □ 
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Let us now consider (1, 0) = (1, 0, . . . , 0) G M" \ 0. For all < e < 1, let us denote by C+(e) the 
cone generated by B{{1, 0), e), namely 

C+{e) = {{Xp,Xv) I A>0, {p-lf + M'<e'}. 

Since p > 1 — e > and p^/{p^ + > 1 — e^/ (1 — e)^ on B{{1, 0), e), it is then not hard to check 
that, for all e small enough, 

C+{eyA)c{p>{l-e'){p' + \v\y/'h 

and 

{p>(l-e2)(p2 + |^|2)i/2|^C+(2e), 

since, ifp > {l-e^){p^ + \t]\Y^^ then (l,r?/p) e B((l,0),2e), using that l-(l-e2)2 < 4g2(^_g2)2 
for e small enough. In particular, we obtain 

(i?(e), +^) X X C+(eV4) C f tcon(e) C (i?(e), +oo) x V, x C+(2e). (A.8) 

We next recall a standard lemma the simple proof of which we omit. 

Lemma A. 3. Let xq £ R", e > and f : B{xo, e) M" such that /(xo) = xo and / — id is 1/2 
Lipschitz, ie \f{x)~x + y — f{y)\ < \x~y\/2, on B{xQ,e). Then f is injective on B{xo,e) and 

B(a;o,£/2)c/(-B(xo,£)). 

Proof of Proposition \A.1\ Let us set 

frMP, = {P\r, e, p, e'-O, e- V(r, 9, p, e'-^) • 

By Lemma [Til and (|A.4|) . we have, for fc + = 2, 

< 1, i > 0, G J^hyp(r+(e-)), (A.9) 

and, by choosing ei small enough, we also have 

r>i?(e-), eeV,, e B((l,0),ei) ^ (r, 0, p, ^ e Fhyp(r+(e-)). 

By (|X3l) dp^^fr,e,t{P^^) = Id„ , so (|X9|) implies that - Id„ is 1/2-Lipschitz on B((l,0),2e) 
for all e small enough, alH > 0, r > i?(e), and e Vj. Therefore, by Lemma FA.Sj 

B{{1, 0), e) C (B((l, 0), 2e)) , i > 0, r > e Fg. 

Using (|A.2[) . we can replace the balls in the above inclusion by the cones they generate and, using 
Lemma rO] with (jA.Sp . we get 

rteon(e/2C) C (rteon(2%/2Cel/2)) , t > 0, (A.IO) 

for all e small enough, with the C > 1 of Lemma lA.21 Since fr,e,t — Idn is 1/2-Lipschitz on 
B((l,0),2e) for all t > 0, (|A.2p implies that it is also 1/2-Lipschitz on the cone generated by 
B{{1, 0), 2e) so fr,e,t is injective on this cone. Thus, for all e small enough and t > 0, is injective 
on r^j.Q„(e) and is a diffeomorphism onto its range. By (jA.lOp . we have 
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for alH > and all e small enough, so the proof will be complete by showing that, for all e small 
enough and all t > 0, the following implication holds 

(r,0,p,7y) = vl/*(r,0,pi,r;i)er+(e3) with (r, 0, pi, ryi) G r+_co„(e) 

=> p{r, 0, pi, 771) e (1/4 - e, 4 + e). (A.ll) 

Assume the first line of (jA.lip . Using (|A.3[) at (pi, 0) and the fact that ft,r.e ~ Idn is 1/2-Lipschitz, 
we have 

|(p,e-^r?) - {pi,e-^m)\ = lU.rAPi.e-'-m) - iPue-'Vi)\ < |e-'^ryi|/2. (A.12) 

Therefore je"''?? — e^^r]i\ < \e~'^r]i\/2 and we get \rii\ < 2\i]\. Since e"'']??! < e^, (|A.12|) shows that 
\p — Pi\ + |e~''(?7 — J?!)! ^ hence that 

|p(r, 0, pi,m) - P{r, 0, p,'ri)\< e^. 

Since p{r, 9, p, 77) G (1/4 — e^, 4 + e'^), the latter yields (jA.ll[) for e small enough. □ 

B Proof of Lemma 17.71 

Note first that, for all y E fl, the map 

M" 9 2; V^f{x,y) G W 

is a diffeomorphism since, by considering F{x,y) :— S {y)^^^ x f {x , y) and using ()7.25p . (|7.27p and 
(|7.26p . a; > F{x,y) — a; is 1/2 Lipschitz. For all y G ri, we then denote by xq = xo{y) the unique 
solution to 

V./(xo,y) = 0. 

Let us now consider 

9{x,y) = f{x,y) - f{xo,y) - {}iess4f]{xo,y){x - xo),x- xq) /2, 
and, for all s G [0, 1], 

fs{x,y) = f{x(),y) + {Rcssx[f]{xa,y){x ~xo),x- xq) /2 + sg{x,y). 
Notice that fi — f, that /o — f{xo, y) is quadratic with respect to a; — xq and that 

'^xfs{x,y) = I^S{y) + s J R{xn+t{x - xo),y)dt + (1- s)R{xn,y)^ {x- xo), 

by the Taylor formula and ^^7^ . By ([7^ . there exists c> such that \S{y)X\ > 2c\X\, for all 
X G M" and all y € Q hence (17.271) implies that 

\yxfs{x,y)\>c\x~xo{y)l s G [0, 1], (.t, G R" x a (B.l) 

Lemma B.l. For all K (e R" and all integer k> \, there exists C > and N > such that, for 
all s G [0, 1], all y (z fl and all u such that 

u G Cl'^-^K) n C^\W \ {xo(y)}), (B.2) 
a,"u(xo(2/))-0, |a|<2fc, (B.3) 
a^uGi°°(M"), |a|=2fc, (B.4) 
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we have 

N 

.-k 



< Clo ' max ||9"w||loo/&--, max 1 + sup Id" fs\ , lu >l. 

Q|<2fc ^ ^2<|Q|<2fe\ 



Notice that the assumption (|B.4p is only a condition near XQ^y). It guarantees the boundedness 
of d°'u{x)/\x-xo\^''~^"^. 

Proof. We proceed by induction and consider first k = 1. We would like to integrate by part 
using the operator \'^xfs\~'^'^xfs ■ x but, since "S/ xfs may vanish on the support of u, we consider 
Ls {\'^xfs? + Sy^'^xfs ■ ^x which satisfies 

iLu j e*"^=(^'2''u(a;)da;==lim J {Lse"^f'^'='y'>)u{x)dx. 

We then integrate by part at fixed S > 0, using that 

1 f 2 

\yxjsr + L l^xlsr + o 

Since \l\xfs(x,y)u{x)\ < max|c,|=2 ||A:r/s(-,2/)||L~(K)P"M||L~|a; - a;o(y)P and using (jRl]), by 
letting (5 J, we get 



< C max ||9"u|Uoof^) max [ 1 + sup \d°'fs\ ] ■ 

\a\<2 \a\=2 \ xGR" ) 



Here the constant C is independent of y, u, s and it depends only on K and the constant c in 
()B.ip . The result then follows by induction using that 



\^x!sV'^{^x!sAxu), |V,M-2(A,/,)m, |V,M-4(Hess,[/,]V,/„V,/,)u 
satisfy the assumptions (|B.2p , (|B.3|) and (|B.4p if u does for fc + 1 . □ 

ii/nd o/ i/ie proof of Lemma \77J\ We next consider /(s) = / e^'^^^^^'''^'>u{x)dx so that, for all j G N, 
we have 



Since {gi^^v)'^'') \x=xo{y) ^ 1*^1 Lemma IrD yields, with /c = 3 j > n/2, 

|/(2j')(s)| < Ct^-"/2 max max f 1 + sup , se[0,l]. 

|a|<6j" 2<|q1<6j \ 2,gRn / 

Since /(I) = / e"^-^(="'2^)'«(a;)dx, the estimate 

|/(l)-^/W(0)//!|< sup |/(2^)(.)|/(2j)!, 

reduces the proof to estimating the integrals (0) whose common phase /o is quadratic, up 
to a constant term and whose amplitude is u{x)g{x,yy . By Taylor's formula g{x,y) is of order 
|x — xo(2/)P so the derivatives of u{x)g{x, yY may be of order {xo{y))'^'' on which we have no control. 
By choosing K a bounded neighborhood of K and applying Lemma fB.ll to the subset of fl on which 
Xo{y) ^ K, we can assume that we consider those y for which xo{y) € K. We then use the Lemma 
7.7.3 of [H] on oscillatory integrals with quadratic phases, observing that \\dxg{-,y)''\\L°°{K^) is 
controlled by (products of) of norms | |9f /(., y)| |ioo(^^) with > 2, since x is bounded on the 
support of u and xo(j/) remains bounded. □ 
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